ALGEBRA PRELIMINARY EXAMINATION

June 13. 2009
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1. GrouPrs

Do problems 1 and 2 and any three of the remaining five.

State and prove the Second Isomorphism Theorem {also known as the Diamond
Theorem ).

(a) Define solvable group {and include the definitions of any nonelementary terms
you usej.

(b) Let p and ¢ be prime numbers. Prove that a group of order pg is solvable.
(Hint: Reduce to the case p # ¢ and then use Sylow theory. )

Let G be a group and let H be a subgroup of G. Prove that Ng(H)/Cq(H)
is isomorphic to a subgroup of the group Aut{H) < Sym(H) of all automor-
phisms of H. (No(H) denotes the normalizer of H in G and Co(H) denotes the
centralizer of H in G

(a) Let m and n be positive integers with g ged{m.n) = 1. Prove that

(b) Determine the number of isomorphism classes of abelian groups of order 400.

(a) Define composition series of a group G {and include the definitions of any
nonelementary terms you use;.

(b} Prove or disprove: Every group has a composition series.

(¢) Find the composition factors of the group G = Sg % Z12 % Dy, where Dyq is
the dihedral group of order 10 (no proot reauired ).

Let Gy and G2 be groups.
a) Prove that there exists a product of the family {G,} in the category of

groups.
(b) Let ¢; : Gy — G2 % G- be the injections defined by ¢ (g1) = (¢1.€2) and
1o(g2) = (e1.92). where ¢; is the identity element of Gi. P rove that

(G1 x Gq,{1;}) need not be a coproduct of the family {G.} in the category

of groups.
Give a Venn diagram representation of the following classes of finite groups:
abelian, p-group, nilpotent. solvable, simple, cvelic. Provide an example of a
group in each cell of the diagram. For the example you give to show that solvable

groups and nilpotent groups are not the same, give a justification.
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II. RinGs. MODULES. AND GALOIS THEORY

Do problems & and 9 and any three of the remaining five.

Suppose that R is a PID and that I; C I, T -+ C I, C ... is an ascending chain

of ideals of R indexed by the positive integers. Show that there is a positive
integer k such that [,, = I for all n > k.

Let A be a subgroup of the additive group of rationals ¢ anc assume that 1 € A.
Prove that Q &z A =2 Q as abelian groups.

If p is a prime number, show that Z,[z| contains an irreducible polynomial of
degree n for every positive integer 7.

1. Determine the Galois group of each of the following polynomials over @, and

then use the Fundamental Theorem to list all the intermediate fields between
Q and the splitting field F C €. {By determining the Galois group, we mean
finding a “familiar” group to which the Galois group is isomorphic.)

(a) z* — 5z + 6.
(b) 2% —2.

If R is a commutative ring with identity, prove that ¢ € R is nilpotent if and
only if a¢ is contained in every prime 1dea1 of R.

Suppose that K C F; and K C F, are field extensions (of the same field K') with
respective Galois groups G and Go. If there is a K-isomorphism [ : Fy — Fz,

el

prove > that Gl = GQ.

(. Let M be a (lefs) R-module over some ring R. and suppose that /' is a submodule

of M. Prove that M = N & K for some submodule K if and only if there is an

R-module homomorphism [ : M — N that restricts to the identity on N.



