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1. Give an example of a tight frame that is not an orthonormal basis.

2. If (fj)jes is a tight frame with bound A = 1 and, moreover, ||f;|| = 1 for all
J € J, prove that (f;);es is an orthonormal basis.

3. Prove that if S is a positive bounded linear operator on a Hilbert space H, and
is bounded below by a strictly positive constant «, then S is invertible and its
inverse S~! is bounded by o~ !.

4. Let (f;)jes be a frame on a Hilbert space H with upper frame bound B. Prove
that for every f € H, the frame operator F satisfies ||F f||*> < B||f||*.

5. State the four conditions that define a multiresolution analysis, and prove that
these conditions imply that
Vi = {o}.

JEZ.

6. Let f € L*(R). If for g € L*(R), g is defined by

ota) = [ atyear
R
Prove that {f(t — k) }xez is an orthonormal sequence if and only if

Y lfx+2%km)P=1 ae.

keZ

7. Show that in the definition of multiresolution analysis, the condition
"{f(t —k)}rez is an orthonormal basis of V4" may be replaced by the condition
"{f(t — k)}rez is a Riesz basis of V;".

8. Prove that if f is a 2w-periodic, continuous and piecewise smooth function, then
the Fourier series of f converges to f absolutely and uniformly in R.
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Let B={F:D — C, analytic in D such that ||F||p = / / |F'(re)|df < oo}
o Jo

and H' = {F : D — C, analytic in D such that ||F||g = sup / |F'(re)|df < oo}
0<r<1 Jo
Show that B is continuously contained in H', i.e. B C H' and || F||g < || F||5-

Let f be a bounded function in [—7, 7| and periodic of period 27. Show that
the Fourier coefficient of f, say, a,, and b, satisfy

M M
la,| < — and |by| < —.
n n
Let L(p,00) = {f : [0,27] — R; measurable so that
| fllLpoeo) = s;ug)tp,u{x € [0,2n], |f(z)| >t} <oo, p>1}and
>

LP = {f :[0,2n] — R; measurable so that

2w 1/p
9l = ([ 150F) " <00 p= 1),

0
Show that LP C L(p,00) with || f||zpee) < C|f|lze. Give an example of a
function f € L(1,00) so that f & L'.

m

sinnx s
Z ‘ < 4.
n 2

Prove that for each m,

Define Lip(a) = {f : [0,27] — R, periodic such that |f(z+ h)— f(z)] <
Mh*, 0<a<1} and

Ay ={f:[0,27] = R, periodic such that |f(z+h)— f(z)| < Mh*, 0<
a < 2}

Show that:

a. If @« > 1, then Lipa = {0}
b. Lip(B) C Lip(«a) for oo < f3.
Lip(a) C A, for 0 < a < 1.

/o

Can you argue that A, is equivalent as a Banach space to Lip(«) for
0<a<l.



