
Preliminary Examination in Analysis, 1:00-4:00 pm, August 17, 2018

Name:

(Total 150 points, 75 points are required for passing)

1. Let X be a nonempty set, M a nonempty collection of subsets of X, and µ a mapping

from M into [0,∞].

(a) (6 points) Define what it means to say that M is an algebra on X and what it means

to say that M is a σ-algebra on X. Further, assuming that M is a σ-algebra, define

what it means to say that µ is a measure on M.

(b) (6 point) Assume that M is an σ-algebra on X and µ is a measure on M. If

{Ej}∞j=1 ⊂ M, prove that µ(lim inf Ej) ≤ lim inf µ(Ej).

2. Let X be a nonempty set and P(X) the collection of all the subsets of X. Let

A0 ⊂ P(X) be an algebra on X, and µ0 : A0 → [0,∞] be a premeasure on A0 (i.e.

µ0(∅) = 0 and if {Aj}∞j=1 is a sequence of disjoint sets in A0 and ∪∞
j=1Aj ∈ A0, then

µ0(∪∞
j=1Aj) =

∑∞
j=1 µ0(Aj)).

(a) (6 points) Define what it means to say that µ∗ : P(X) → [0,∞] is an outer measure

on X and what it means to say that a set A ⊂ X is µ∗-measurable. What is the outer

measure induced from µ0?

(b) (8 points) Assume that µ∗ is the outer measure induced from µ0. Prove that if

µ∗(E) < ∞, then E is µ∗-measurable iff there exists B ∈ Aσδ with E ⊆ B and

µ∗(B \E) = 0, where Aσδ is the collection of countable intersections of sets in Aσ and

Aσ is the collection of countable unions of sets in A0.

3. Let (X,M, µ) be a measure space and ĪR = [−∞,∞].

(a) (6 points) Define what it means to say that a function f : X → ĪR is measurable.

Assuming that f : X → [0,∞] and g : X → ĪR are measurable, what is the integral of

f on X (with respect to µ) and what does it mean that g is integrable (with respect

to µ)?

(b) (8 points) If {fn} is a sequence of measurable functions on X, prove that the set

{x ∈ X | limn→∞ fn(x) exists} is a measurable set (it is said that limn→∞ fn(x) exists

if −∞ < lim infn→∞ fn(x) = lim supn→∞ fn(x) < ∞).

(c) (6 points) If f : X → [0,∞] is measurable, let λ(E) =
∫
E
fdµ for E ∈ M. Prove

that λ is a measure on M.
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4. Let (X,M, µ) be a measure space.

(a) (6 points) State the Monotone Convergence Theorem, Fatou’s Lemma, and the Dom-

inated Convergence Theorem.

(b) (6 points) Use the Monotone Convergence Theorem to prove Fatou’s Lemma.

(c) (6 points) Compute the following limit and justify your calculations,

limn→∞
∫ 1

0
(1 + nx2)(1 + x2)−ndx.

5. Let (X,M, µ) be a measure space.

(a) (4 points) State the definition of the space Lp(X,M, µ) and its norm ∥ · ∥p for

1 ≤ p < ∞ and state the definition of the space L∞(X,M, µ) and its norm ∥ · ∥∞.

(b) (8 points) If f ∈ Lp(X,M, µ) ∩ L∞(X,M, µ) for some 1 ≤ p < ∞, prove that

f ∈ Lq(X,M, µ) for any q > p and limq→∞ ∥f∥q = ∥f∥∞.

6. Let (X,M, µ) be a measure space and f , f1, f2, · · · ∈ Lp(X,M, µ) (1 ≤ p < ∞).

(a) (6 points) Define what it means to say that i) fn converges to f in measure µ, ii) fn

converges to f in Lp(X,M, µ), iii) fn converges to f weakly in Lp(X,M, µ).

(b) (8 points) If |fn| ≤ g ∈ Lp(X,M, µ) and fn converges to f in measure, prove that fn

converges to f in Lp(X,M, µ) (Hint: You can use the conclusion that if fn converges

to f in measure µ, then there is a subsequence {fnj
} such that fnj

converges to f

almost everywhere with respect to µ).

(c) (4 points) Give an example which shows that there are fn, f ∈ L2(X,M, µ) (n =

1, 2, · · ·) such that fn → f weakly as n → ∞, but fn ̸→ f a.e.

7. Let (X,M) be a measurable space

(a) (4 points) Define what it means to say that ν : M → [−∞,∞] is a signed measure

on M and state the Lebesgue-Radon-Nikodym Theorem.

(b) (10 points) Let X = [0, 1], M = B[0,1], m = Lebesgue measure, and µ = counting

measure on M. Prove i) m ≪ µ but dm ̸= fdµ for any f ; ii) µ has no Lebesgue

decomposition with respect to m.

8. Let −∞ < a < b < ∞.

(a) (8 points) Let L1([a, b]) be the space of Lebesgue integrable functions on the interval

[a, b] with the Lebesgue measure and ϕ be a bounded linear functional on L1([a, b]).

Define the function by g(x) = ϕ(χ[a,x]) for x ∈ [a, b]. Prove that g is absolutely

continuous on the interval [a, b].
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(b) (8 points) If f : [a, b] → IR is absolutely continuous, prove that f is of bounded

variation on [a, b].

9. Let X be a normed space on IR.

(a) (8 points) Prove that ifX is a Banach space andX∗ is separable, thenX is separable.

(b) (6 points) If X is an infinite-dimensional Hilbert space, prove that every orthonormal

sequence in X converges weakly to 0.

10. (a) (6 point) State the Urysohn Lemma and the Arzelá-Ascoli Theorem (for a family

of continuous functions on a compact metric space X).

(b) (6 points) Let K ∈ C([0, 1]× [0, 1]). For f ∈ C([0, 1]), let Tf(x) =
∫ 1

0
K(x, y)f(y)dy.

Prove that Tf ∈ C([0, 1]) for any f ∈ C([0, 1]), and that {Tf | f ∈ C([0, 1]), ∥f∥u =

supx∈[0,1] |f(x)| ≤ 1} is precompact in C([0, 1]).
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