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Abstract: Using a path integral formalism, ion dynamics effects are taken into account for the broadening of spectral
linesin a plasma. A compact expression of the dipole autocorrelation function is derived for the Lyman apha line of
hydrogen. The static and the impact regime for the ions may be recovered by our approach. For aregime intermediate
between the static and impact case we compare our approach to a profile obtained by a numerical simulation.

PACS: 31.15.Kb; 31.15.Md; 32.60.+i; 32.70.Jz.

1. INTRODUCTION

The spectral line shapes of radiative atoms and ions in
the plasma provide val uable diagnostic tool sfor anumber
of physical quantities, such asthe density and temperature
of charged particles, the transported radiative energy, and
possibly the determination of electricfields[1]. The shape
of linesin aplasmaresultsfrom theinteractions between
the radiator and all constituents (neutrals, electrons and
ions) of the plasma. With variable contributions
depending on plasma conditions, causes of broadening
are the Doppler effect, which is produced by the
movement of theradiator, natural broadening, dueto the
finite lifetime of the atomic excited state, and what will
be the focus of this paper, the Stark broadening whichis
dueto theinteraction between the radiator and theelectric
field of the two kind of perturbers (ions-electrons) [2].
This problem has been widely studied using the standard
Hamiltonian approach of quantum mechanics. It started
with the work of Baranger [3], and Kolb and Griem [4].
Inthese classic paperson Stark broadening, the electrons
are treated within the impact theory, and theionsin the
guasi-stati c approximation. Both kind of particleshaving
a Coulomb interaction with the radiator, the difference
betweenionsand electronsismerely dueto their velocity
difference. For many plasma conditions, ions are slow

enough to justify the use of aquasi-static approximation.
But for hydrogen plasmas with rather low density, and/
or high temperature, this static approximation may
however no longer be valid. In our investigation, we
introduce an alternative method able to take into account
the effect of ion dynamics. This method is based on the
Feynman path integral formalism [5] which deals with
electronsandions onthe same physical basis. Thegeneral
frame for thisformalism has been previously devel oped
[6], but has then only be applied to the static ion case.
Using thisformalism, one can treat time-independent and
time-dependent problems on the same footing, which is
areal advantage over the standard Hamiltonian approach
when solving time-dependent problems. For the purpose
of comparing our resultsto asimulationfor asimpleline,
we apply our formalism to the Lyman alpha line of
hydrogen or hydrogen-like ions.

Our paper is organized as follows: in part two, we
derivethetimedipolar autocorrelation function (TDAF)
taking into account the dynamical effects of ions, which
are represented by the time microfield autocorrelation
function (TMAF), and discussin part 3 the behaviour of
our result in the static and impact limitsfor ions. In part
4, we apply our model to a case intermediate between
the static and impact limits, and compare the obtained
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line shapeto areference profile obtained with acomputer
simulation technique.

2. THETIME DIPOLARAUTOCORRELATION
FUNCTION

We start here by deriving a path integral expression for
thetime dipolar autocorrelation function (TDAF) of the
radiator fromwhich the spectral line shapesare generally
deduced. The emitter is perturbed by ions and electrons
treated as charged particles moving on classical paths.
For a description of the radiator-perturber interaction, it
is usually sufficient to keep only the first term in the
multipole expansion, using the so-called dipolar
approximation. As quoted before, the effect of the
electrons is usually treated with the impact theory by a
collision operator. Our path integral approach could be
applied to both electrons and ions, but we shall also use
an impact approximation for the electrons in our
numerical calculations. Theelectric microfield appearing
in our formalism could thus be created by the el ectrons,
theions or both kind of particles.

As mentioned above, the main quantity in the study
of spectral line shapes isthe TDAF defined, for Lyman
aphawithout the fine structure by thefollowing formula:

C(s) = exp(-isg /1) Z dag {(cz(\T0 (s,0) a')} da g,
()

wheredisthedipoleoperator, T isthe evol ution operator
considered hereto possess matrix elements only between
substates a. The summation runsover all the upper states
a, a', and the subscript av means that we must take a
statistical average over the perturbers. The energy of the
lower unperturbed level isnoted g5 Asweare interested
in the Lyman alpha line, we shall sumin (1) only over
thestates a, sincethelower stateisunperturbed, and we
neglect the interaction between levels with different
principal quantum numbers. Using the Wigner-Eckart
theorem, we obtain in the |n, |, m> representation:

C(9) = (1/3) exp(~ise, /) Kzlua

H<210h1210ﬂ +2{(211/T|212)} )

(2

A reduced dipole matrix element appears in this
expression, aswell astwo termsof the evol ution operator.
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L et us computefirst the matrix element {(211T|211)}
which can be written as:

{(210T]210)}

:[FMVQHUM%JYHKwﬁw“WW

.. (3
whereK (y, s; ¥, 0) isthe Feynman propagator given by:

K(y,s Y,0)

°0 N
expB_J' meﬂ +ey’E(r)HdT§

- (4)

In this expression, E (1) isthe electric field dueto
all components of plasma acting on the radiator, e and
m, denote the electron charge and mass, and Z is the
charge number of the radiator nucleus. Knowing the
initial propagator relative to the unperturbed hydrogen-
likeion,

Ko (Y: S Y, 0)

ze’0  H

exp&fg—y |—Bdm .(5)

it ispossibleto develop the propagator K (y, s; y', 0) asa
series.
K(y,sy,0)

.. (6)

” Ko(yj+l’.[j+l; ?j,rj),
=
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with Y., =¥, ¥, = ¥'. The expression for K, is known
[7], and involves the hydrogen wavefunctions:

Ko(yj+1’TJ+1; yJ"Tj)

exp Hrie, (1 ( 1 )H (7

Replacing the propagator K, by its expression,
integrating over y and y', and using the orthogonality of

the wave functions we get for { (211]T| 211)} y

{(21qT[21n)}

Z Qﬁg k|J' dr,.. diId yl...J'd Vi

eXp % 8lea(eé‘iyl)“'(eéky‘k)} av ¢211 (yk)
0, (%i)--9s, (%) 050 (3) .. (8)

Let usexaminethe structure of thefirst termsinthis
expansion. Calling UK the successive terms in the sum
over kin Eq. 8, we can write the first four terms as:

e termk=0; Uk=0=1
o termk=1; Uk=1

T1

e g.d y1¢211(y)%
=3 U M =
)

H 9,05 (3 %&
.. (9)

where we have used the selection rule for the orbita
moment .

I:IM

only the state a,, = 200 contributesin the summation. We
can thus write:

e 1
. 30
dT E 1) J’ d 9000 () 703 (¥)2 1
o,
. (1)
o termk=3:

Uk=3= 33 ‘[drldrj.dr

(ts) I d; 6,1, (V) s 0, (%)

Z (o) I d3, 9., (.) 5, 0., (3.)

| (v.) I A, b, (%) 5 030 (V:)
.. (12)

Applyingtheselectionruleimposesthat a, = o, = 200
only contributein Eq. 12, which meansthat U<=2=0.

]

X
MOrrrrrmiririr

i

I o |

L

Following then step by step al the terms, we can
show that all the odd terms vanish, and only even terms
in Eq. 8 contributeto the TDAF. For obtaining atractable
solution, we propose at this stage the use of a pair
approximation for the el ectric fields. We thus neglect all
correlations of higher than second order, and assumethe
correlations of second order to besmall. Itisthen possible
to sum all the terms, and the result for the element

{(201]7|212)}  may bewritten as:

{(210T]210)}

1 gerf
k=2 — —
Uk=2= 2 Ega .[d'[l d'l'2 . ; -
a 1+_ 0i of c
O L o 2 H};H =
d [E( )Idqu)le(yZ)Djz uz( )D@ - E
Ez H DE }ﬁ)[
0. - . 0Qg dt‘[dr )E(U)EC
e d 1Ya 1)1 Yo 0
o R fose e f | [ i
(10) E
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In this equation, the time is expressed in units of
Os LC . .
exp%szE, ..(13) the inverse of the electronic plasma frequency
0, = (4niN£&/m,) Y2, The quantity C (T) containsin our
where we have used the square of the reduced matrix approach the dynamical effect of the microfield on the
. 2 emitters radiative properties.
element D3 = |(21]er|10)| -
Equation 16 givesthe TDAF regardless of the nature
If we proceed similarly for {<210|T | 210)} we Of charged particles. We can apply it according to our
& interests, either to ions or to electrons. In the following
we limit our attention to derive the TDAF for ions in

{<210| T| 210)} 3 different regimes.

3. IMPACT AND STATIC APPROXIMATION

obtain:

i sz L FOR IONIC PERTURBERS
E1+ 1 D C o
C 3.1 Impact Approximation
C The impact approximation is valid when the mean
f E duration of acollision T, ismuch smaller thantheinterval
-[dr-[dt E } E C As between two successive collisions. The duration As
gL is of the order of theinverse of the collisional linewidth
E expressed in angular frequency units. This criterion is

equivalent to say that the average collision isweak, i.e.
_ the product of the interaction by the collision time must
Os L be small compared to 7 ; this ensures that the collisions

XP o€, ... (14) .
% E can betreated by perturbation theory and do not produce
alarge perturbation on the emitter. The argument of the
By combining the terms {(21T|211)} and cosinein Eq. 16 represents acumulated phase change of
{{210|T|210>} , and noting Ae = &, — ¢, we get the the rg@atlon between_tlmeo ands. If We.areilookl_ngfor
finad TDAF I8 aé _ conditions where the impact approximation is valid, we
'n [8, 9: may thus assume that this phase change is small, and

OsAe[] expand the cosine up to the second order term. Noting

5 2
C(s) =(1/3) ‘<21“d”10> exp HTE that 2 + cos(X) D3(1— X2 /6) we canwrite Eq. 16 as:

OsAe

S&*COS— Idrldr E )E( )} E C(S)=‘<21H6“10>2
H élVE
ca AR o e

We can express C (s) interms of thetime microfield
auto-correlation function (TMAF) Cc (1). Performing (17)

theintegral over T', we obtain: Since the mean duration of a collisionis very small

Ois Al compared to the time between two successive collisions
exp ETE we extend theboundary of theintegral inthelast equation

C(9 =) ‘<21H5H1°> from (0, 9) to (0, w):

(16)

; m\/ J‘ dTa HCEE l- dr% ECEE j'dTCEE(T) .. (18)
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Using an impact operator ®, for theions, the TDAF
may be written:

c(©= KZJHJ H10>r exp é‘%%ﬁxp[ﬂﬂ] .. (19)

Comparing with Eq. 17, we obtain for our model an
impact operator in the weak collision limit:

<3

10D2

9= -3 %E<E2>‘[dTCEE () .0

Thisexpressionissimilar tothose of impact operators
for hydrogen emittersfound in the literature [1], when a
second order approximation in the interaction potential
is assumed.

3.2 Satic Approximation

Inthe static case, the microfield isconsidered to bedowly
varying intime, so that E (1) OE (0) . The TMAF may
then be taken constant C. (1) =C (0)=1 alowing
to write for the TDAF in the static limit as:

2 OAs[

exp QFHS

| D.s L
2 = J(E?
2", WL

cto = 2

- (21)

We can compare this expression to previously
published calculations for the Lyman alpha line in the
static case [10]. In that limit, our TDAF C (s) for an
averagefield hasthe same structure asthe previousresult
(see Eq. 3.2 of reference 10).

4. THEION DYNAMICSREGIME

For hydrogen line with low principal quantum number,
ion dynamics may affect the line shape for the densities
found inlaboratory plasmas, and in the edge of magnetic
fusion devices. Such conditions usually correspond to
weakly coupled plasmas. To study the dynamic
properties, we use for the ions a theoretical expression
for the time microfield autocorrelation function (TMAF)
which is derived from the work of Rosenbluth and
Rostoker in weakly coupled plasmas[11]:

- (22)

where T is the time expressed in units of the plasma
frequency, and A, the electronic Debye length. To obtain
the line shape, we must first insert this expression for
Cge (1) in the TDAF. The line shape in the atom's rest
frame at afrequency wisgiven by the Fourier transform
of the TDAF:

[

I () = %Re‘[dsc (s) exp (iws) .. (23)

We now compare our approach to an ab initio
technique which consists in a numerical simulation of
the motion of a large number of charged particles,
followed a numerical solution of the Schrodinger
equation for the emitter evolution operator. This
procedureisrepeated alarge number of timesin order to
perform astatistical average. Such computer simulations
have been used many times by several groupsin thelast
three decades, allowing to establish benchmark profiles
for acomparison to modelsand experiments|[12, 13, 14,
15]. For the weakly coupled plasma conditions studied
here, we simulate a set of ions moving on straight lines
in a cube with periodic boundary conditions [15]. On
Fig. 1 we present a first calculation of a line shape
obtained with our path integral model, compared to the
numerical simulation. For a density of N,= 10 cm=3
and a temperature of 10° K, the profile obtained by our
model is broader by about 15% than the simulation
profile. This difference may be related to the approxi-
mation consisting in a factorization of the expressions
containing a large number of fields in a product of
averages containing only pair of fields. Notethat for such
conditions a static ion approximation would predict a
line shape narrower by morethan an order of magnitude.
We can conclude that our approach thus captures most
of the effect of ion dynamics.
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Fig. 1. Profile of lyman alphafor N, = 10" cm~3, atemperature
of 10° K. Our path integral model (solid line)
is compared to a computer simulation (dashed line)

5. CONCLUSIONS

Using a path integral point of view, we derive an
expression for the Lyman alpha line shape retaining the
effect of ion dynamics. We show how it is possible to
recover the usual impact and static approximation for
the ionic component. Our main approximation is a
reduction to pair correlation functions of a cluster
expansion in the electric microfield. Thisalows to sum
all the terms appearing in the standard perturbative
solution for the path integral point of view, and to express
the TDAF in acompact expression involving theelectric
field autocorrelation function. A fairly good agreement
between our model and asimulation calculationisfound
for our first calculation, and is a motivation for further
devel opmentswith thisapproach. In particular, wewould
like to use the ability of the path integral point of view
for the description of a full quantum emitter-perturber
interaction. Interesting applications of a full quantum
approach exist in high temperature plasmas such asfound
in fusion devices, for a modelling of the emission of
multicharged emitters perturbed by electrons.

90 \

5 SaLID

(1]

(2]

(3]

(4]
(5]

(6]

(7]

(8]

(9]

[10]

(11]

[12]

[13]

[14]

[15]

REFERENCES

H.R. Griem, “Spectral Line Broadening by Plasmas”,
McGraw-Hill, New York (1964).

M. Baranger, “Atomic and Molecular Processes”, edited by
D.R. Bates, Academic Press, New York (1962).

M. Baranger, “Phys. Rev.”, 111, 481 (1958); 111, 494 (1958);
112, 855 (1959).

A.C. Kolb and H.R. Griem, “Phys. Rev.”, 111, 514 (1958).

R. Feynman and A.R. Hibbs, “Quantum Mechanics and Path
Integrals”, McGraw Hill, New York (1965).

H. Bouguettaia et al., “J. Quant. Spectr. Rad. Transfer”, 94,
335, (2005).

H. Kleinert, “Path Integrals in Quantum Mechanics, Statistics
and Polymer Physics”, World Scientific, Singapore (1990).

I. Chihi, M.T. Meftah and H. Kleinert, “J. Plasma Physics”,
70, 553 (2004).

N. Bedida, M.T. Meftah, D. Boland and R. Stamm, 19th
ICSLS, “Spectral Line Shapes”, 15, pp. 100, ed. M. Gigosos
and M. Gonzales, AlP 1058 (2008).

R. Stamm, B. Talin, E.L. Pollock, C.A. Iglesias, “Phys. Rev.
A”, 34, 4144 (1986).

M.N. Rosenbluth and N. Rostoker, “Phys. Fluids”, 5, 776,
(1962).

R. Stamm, D. Voslamber, “J. Quant. Spectr. Rad. Transfer”,
22, 599 (1979).

R. Stamm, E.W. Smith, B. Talin, “Phys. Rev. A”, 30, 2039,
(1984).

M.A. Gigosos, V. Cardenoso, “J. Phys. B: At. Mol. Opt. Phys.”,
20, 6005 (1987).

J. Rosato, Y. Marandet, H. Capes, S. Ferri, C. Mossé, L.
Godbert-Mouret, M. Koubiti, R. Stamm, “Phys. Rev. E”, 79,
046408 (2009).

International Review of Atomic and Molecular Physics, 1 (1), January-June 2010

P D F To remove this message, purchase the
product at www.SolidDocuments.com



