© International Science Press, ISSN:2229-3159

REVIEW ARTICLE

SHAPE-CONSISTENT RELATIVISTIC EFFECTIVE POTENTIALS OF
SMALL ATOMIC CORES
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Petersburg Nuclear Physics Institute, Gatchina, St.-Petersburg district 188300, Russia

Abstract: Relativistic effective core potential (RECP) model sfor el ectronic structure cal cul ations of atoms, molecules,
clusters, and solids, satisfying the shape-consistence (norm conservation) requirement are presented and anayzed. To
attain ahigh accuracy of predicting various physical propertieswith field-independent RECP models, both valence and
subvalence (outer-core) electronic shells should be left for explicit treatment, so that only inner (“small”) electronic
cores can be replaced by RECPs. Conventional semilocal shape-consistent RECPs are not uniquely defined in the
small-core case, and none of the possible definitions seems to be ideal. The origin of limited accuracy of semilocal
modelsis considered in some detail. Substantial improvements are achieved through the use of a more general Ansétz
for RECP operators implying the action of different potentials on the outer core and valence shells.

1. INTRODUCTION

Effective core potential (ECP) or pseudopotential
approach is an extremely popular tool for electronic
structure calculations of molecular systems and solids
comprising heavy-element atoms. The replacement of the
all-electron problem by a simpler one restricted to a
subsystem of “active” electrons reduces dramatically the
computational cost of both ab initio methods and density
functional theory (DFT). ECPs are particularly suitable
for accurate and inexpensive treatment of largerelativistic
effects since the many-el ectron problem with relativistic
ECP (RECPs) formally resemblesthat for non-relativistic
systems and one can make use of efficient modern
methods of non-relativistic quantum chemistry with
minor modifications. The RECPs derived from the first
principlesare normally generated on the basis of accurate
relativistic calculationsof freeatomsor / and atomicions.
Numerous Ansétze for RECP and various techniques to
extract RECP parametersfrom all-el ectron data have been
proposed (see Refs. [1, 2] for reviews). The most popular
and numerically stable procedure of RECP construction
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implies the fulfillment of the so-called “shape-
consistency” requirement: atomic one-electron spinors
obtained with RECP (pseudospinors) should fit the
corresponding spinors from all-electron calculations
outside of aspherical domain near the nucleus. Extensive
databases on such shape-consistent RECPs (solid
state physicists prefer the term “norm-conserving
pseudopotentials”) are now readily available (see e.g.
[3]). The optimum number of electrons left for explicit
treatment is normally larger than that of “true” valence
electrons since the neglect of core-valence correlations
and core polarization can lead to significant errors. This
isespecially important for heaviest el ements becausethe
shell structure of heavy atomsisin a sense blurred by
the strong relativistic contraction of sand p,,, subshells
along with acertain expansion of high angular momentum
subshells. Thiseffect isillustrated in Fig. 1 representing
partial radial charge distributions associated with
particular subshells in the group 12 elements. For a
relatively light Zn atom, the spatial |ocalizations of outer-
core subshells 3s and 3d are quite similar, strongly
differing from that for the outermost 4s subshell. When
the nuclear charge increases, the distribution associated
with the (subvalence) (n - 1) d shell movestoward that
for the valence ns subshell (Hg), so that for the
superheavy element 112 (Cn) the differences between
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the 6sand 6d distributions are comparableto theintershell
(n=6) — (n =7) differences and the shell structure is
hardly discernible. To attain a high accuracy in RECP-
based cal culations, it isthus necessary (but not sufficient)
to consider explicitly the electrons associ ated with outer
core (sometimes called semicore or subvalence) shells,
eliminating only the most localized inner-core el ectrons.
The corresponding RECPs are usually referred to as
“small-core” ones, in contradistinction with “large-core”
RECPs where the separation into active (valence) and
core electrons generally agrees with the conventional
viewpoint of chemists.

It should be noticed, however, that the procedure of
shape-consistent RECP constructing iswell defined only
for the large-core model; its extension to the small-core
case is not straightforward nor unique, encountering
serious conceptual and practical problems. The solution
of these problems is essential for converting the RECP
approach which was generally considered earlier as a
basis of economical intermediate-accuracy techniques of
electronic structure calculations into a tool for highly
accurate cal cul ations on ground and el ectronically excited
states of atoms, mol ecules and clusters. Quiterecently it
was shown that the use of somewhat sophisticated
Ansdtze for the small-core shape-consistent RECPs and
the extraction of their parameters from high-level
relativistic calculations on free atoms can ensure
remarkable accuracy in predicting various properties of
molecular and supramolecular systems and chemical
reactions; errors arise mainly from approximations that
should be necessarily introduced to solve the many-
el ectron correlation problem rather than from the RECP
model itself.

When choosing some particular RECP model for the
calculations on systems containing heavy atoms, one
should clarify whether the selected RECP provides the
required level of accuracy in the considered domain of
its application. At the same time limited computational
facilities canimpose cetrain restrictions on the acceptaple
complexity of RECPmodels. Asaresult, different types
of RECPsare used for the studies on small molecules by
wavefunction techniques and large polyatomic systems
or solids by DFT methods. In the former case, the main
requirement to an RECP is its high accuracy, while in
the latter case the form of RECP operators should be
first of all convenient for rapid and properly scaling
calculations.
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Fig. 1. Orbital contributionsto radial electron densities (r?$?) for
the Zn, Hg and element 112 (Cn) atoms. Solid lines: n—1
(subvalence) shells, dashed lines: n (valence) shells

In the present review, we discuss the possible
generalizations of the shape-consistent RECP concept to
the “small-core” case. The restrictions imposed by the
shape-consistency requirement on the solutions of SCF
equations for the RECP model are analyzed in some
details. The mainwaysto build these RECPsin the semi-
local (radially-local) form are presented and compared,
their shortcomings are avoided through introducing the
concept of Generalized RECP (GRECP) which goes
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beyond the semilocal Ansétz. The use of GRECP allows
to dramatically improve the accuracy of electronic
structure calculations, especially for excited electronic
states.

2. RELATIVISTIC EFFECTIVE CORE
POTENTIALS

Within the relativistic effective core potential approxi-
mation, the effective Hamiltonian for an atom isusually
written in the form

He = f(p)+ U ()8 Zﬁ (@)

The summation in Eqg. (1) runs over a subset of
electrons, which aretreated explicitly and marked by the
indices p, and q,,.

This subset comprises the electrons of valence and
often outer core shells. Here r, , denotes the distance
between the p{" and q" eIectrons h is the one-electron
Schrodinger Hamiltonian:

1 Z.

h=-=-A-—¢
2 r

(2

where Z,_ is the nuclear charge minus the number of
removed core electrons and r denotes the distance
between the el ectron and the nucleus. U isthe RECP (or
relativistic pseudopotential) operator. The extension of
Eq. (1) to polyatomic systemis straightforward provided
that we assume that the RECP of the whole system is
simply the linear superposition of atomic RECP
operators.

The RECP operator simulates, in particular,
interactions of the explicitly treated el ectronswith those
which are excluded from the RECP cal cul ations. Contrary
to the four-component wavefunctionsused in relativistic
all-electron cal cul ations, the wavefunctionsin the RECP
case (pseudo-wavefunctions) can be both one-and two-
component; in the latter case we shall use the term
“pseudospinors”.

The RECP method is based on the “frozen core”
approximation and it is clear that reducing the number
of core electrons leads to an increase in the accuracy of
this approximation.

Let us list the main advantages of the RECP
approach:

« italowsonetoexcludefromthecalculationsalarge
number of inactive electrons and to treat explicitly
only valence (and outercore) electrons from the
beginning,

* pseudospinors are smooth in the core regions of
heavy atoms and thus more suitable for analytic
approximations and numerical treatment than
oscillating true val ence spinors.

* the small components of four-component spinors
areeliminated and the nonrel ativistic kinetic energy
operator is used. Therefore the RECP approach
allows one to use awell-devel oped nonrelativistic
electronic structure methods with moderate
modifications required to comply with the spin-
dependence of the RECP operators accounting for
theeffectsof relativity. Breit and other two-electron
guantum el ectrodynamic (QED) interactions can be
efficiently treated within the one-electron RECP
model.

+ Correlation molecular calculationswith RECPsare
naturally performed in the basis of spin-orbitals(and
not of spinorsasisin all-electron four-component
calculations) even for the cases when QED effects
are taken into account. This allows one to reduce
dramatically the cost.

3. SEMILOCAL ANSATZ FOR THE RECP
OPERATORS

The semilocal RECP Ansétz is widely used in the
calculations on ground and excited electronic states of
molecules with heavy elements. The RECP operator U
for an atom is usually written in the form:

L 1+12
Uy, ()R

Uy ( Z Z W, (r
.. (3)

where Uy, (r) are conventional functions of thedistancer
from the nucleus, P denotes the projector onto the
subspace of two-component spinors with the orbital and
total angular momentum values | and j respectively,
J=L+ 12 L=17+1andIT™ isthe highest orbital
momentum of the core spinors.

Using the identities for the Py projectors[4],

1
T 2+1

1 %P + 2P 1BPH (4)

I, j=1£1/2
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where P, projects onto the subspace spanned by all
spinorswith the orbital momentum| and 1 and $ arethe
operators of the orbital and spin momenta, the RECP
operator can be rewritten in the “spin-orbit”

representation:
Z ey
L

2 ~
Z 78U (r)RisP

Here U_| = (2| +1)_l ﬁ' +1)Ul,j=l+1/2 + IU|,j=|—1/2H
are the components of spin-averaged RECP and AU, =
Ui j=1+12— Y j=1_1- Thelast suminEq. (5) isreferred
to as effective spin-orbit operator.

e

.. (5

Shape-consistent semilocal RECPs: The shape-
consistent RECP model impliesthe smoothing of valence
spinorsin the coreregions. Consider the shape-consistent
semi-local (or radially-local) RECP model devel oped by
K. Pitzer’s group [5, 6]. The nodeless radial parts @, ; (r)
of atomic pseudospinors ¢, ; areconstructed of theradial
parts f,, (r) of large components of the valence (v)
Dirac—Fock spinors (one pseudospinor for each pair of
orbital | and total j momentum quantum numbers) as:

g (1), r=R,

... (6
ga(r), r<R, ©

Oy (1) =

wherer isthe distance between the nucleus and electron.
The matching (or core) radius, R, is chosen near the
outermost extremum for the large component and a (r)
is a smooth and nodeless function (usually a polinom)
which tends to be proportional to r¥ near the nucleus.
The power yistypically chosen higher than| + 1 to ensure
an efficient gjection of the valence electrons from the
coreregion.

To derive the RECP components Uy, the Hartree—
Fock equations for valence pseudospinors (formally
nonrelativistic but with j-dependent potentials) are
inverted:
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M d* _1(+1), 2z, O
U, 0= a5 (1) @ﬂrr +K2r(2) r é
0y (1) . (7

whereJ and K arethe Coulomb and exchange operators.
One-electron energies €, areassumed to coincidewith
those for the original spinors.

The success of the shape-consistent RECPs in
describing electronic structure of many-electron systems
(molecules, clusters and solids, including those
containing very heavy atoms[7]) and different properties
(chemical bonding, reactions, low-energy excitation
spectra, transition probabilities, etc.) is not accidential;
it isbased on numerousideas and devel opments done by
several groups during decades (see [4-6, 8—13] and
references). The final goa of those improvements was
to increase “transferability” and accuracy of the RECP
approximation in different applications, minimizing the
computational cost of the electronic structure
calculations. Nevertheless, one can reformulate the
modern theory of the shape-consi stent semi-local RECP
on the basis of only two underlying natural propositions
[14, 15] which are of crucia importancefor the accuracy
and transferability of RECPs: (a) proportionality of
valence and low-energy virtual spinors and uniform
scaling of partial-wave contributionsto these spinorsin
the core region upon a perturbation localized in the
valence region, (b) minimization of the “unphysical”
RECP terms in the valence region; in other words, the
simulated interactions of electrons in “pseudoatom”
should match accurately enough the original onesinthe
valence region.

At present, different versions of semi-local RECPs
with the same number of removed electrons provide a
comparable level of accuracy. In principle, the addition
of outer core electronsto the explicitly treated subsystem
should improve the results. The decrease of R, when the
outercore pseudospinors get nodeless instead of the
valence ones should lead to a better description of two-
electron interactions. Nevertheless, as has been shown
in all our calculations with semi-local RECPs, the
extension of this subsystem beyond a certain limit does
not lead to afurther reduction of errors. Typical errorsin
dissociation and excitation energies for low-lying
electronic states arising from the RECP approximation
remain in the range up to 2000 cm~* and even more.
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“Core” and “valence” semilocal RECPs: In the
case of small-core RECP models both the valence and
outercore subshells with the same |Ij quantum numbers
are treated explicitly, and there is an ambiguity in
choosing the spinors for which the potentials should be
generated. One can avoid this ambiguity by extracting
the RECPfrom the solutionsfor an appropriateionic state
of the atom [1], in which the outermost pseudospinors
become nodeless. Obviously this stratagem can be
reasonable only if the latter requirement can be fulfilled
for an ionic state with rather small charge. As has been
shown in Refs. [16, 17], the use of ionic configurations
to generate small-core shape-consistent RECP is often
not the best choice.

An alternative consists in generating the RECP
components only for the outercore or valence
pseudospinors using the correct reference atomic state
with both outercore and valence spinors occupied. The
generation of the “core” RECP through inverting
the radial Hartree—Fock equations for outercore
pseudospinors having no radial nodesis straightforward.
In contrast, the valence pseudospinors in the small-core
case normally do have such nodes. In this case, any
attempts to directly invert the Hartree— Fock equations
would yield singular potentials Uy because the zeros of
the denominator and numerator in Eq. 7, asarule, do not
coincide. However, in practice, these zeros are close to
each other aswas demonstrated in Ref. [ 18] and the most
appropriate solution of thisproblemisto interpolate the
potential in the vicinity of the pseudospinor node. The
error in reproducing the one-electron energy due to
such interpolation can be made small because the
pseudospinors are small in the vicinity of the node. It
does not exceed the errors arising from smoothing the
spinors and the approximate treatment of theinteraction
with the inner core electrons [16]. Moreover, this trick
should not affect thetransferability of the resulting RECP
since the node position is virtually unchanged upon the
formation of chemical bonds and low-energy electronic
excitations. Theexamplein Fig. 2 showsthat theresulting
RECP which we shall call “valence” RECP can differ
essentially from the “core” one. This difference can be
partially explained by the following simple reasonings.
Thevalence and outer core spinorswith the same angular
and total momenta behave differently in the vicinity of
the last extremum of the outer core spinors (this stems
from the orthogonality condition). As a consequence,
these spinors cannot be smoothed (along with their
second derivatives!) in the same manner and therefore,
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notably different potentials are usually obtained. At the
same time, original low-energy virtual and valence
spinors have very similar (up to a factor) behaviour in
the region where the smoothing is performed, and the
potentialsfor all the smoothed virtual pseudospinorscan
be essentially the same asfor the valence ones. It isworth
noting that the smoothing in the core region also
contributes to the difference between the valence and
outer-core potentialsin the valence region [15].
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Fig. 2: Potentials (multiplied by r?) for the outer core (5s) and
valence (6s) pseudospinors of Hg (solid and dashed
lines respectively) and their difference multiplied by
10 (dotted line)

Let us notice that there are several ways to
circumvent the difficulties arising from the presence of
radial nodes of valence pseudospinorsin generating the
potential components Uy (r). For instance, only thefitting
of total valence energiesfor several atomic states (rather
than the shapes of the pseudospinors in the valence
region) isused to extract the parameters of the RECP by
Stuttgart group (see [2] and references therein).

It is clear that the “core” RECP is non-optimal for
describing the valence shells and therefore it is not the
tool of choicefor themodeling of chemical properties and
low-energy electronic excitations. The “valence” RECP
model isapparently moreadequate (seeTable1). Unfortu-
nately, therough description of theouter coreshell within
the “valence” RECP approximation will also lead to non-
negligible errorsfor valence el ectronic states because of
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the inaccurate reproduction of screening of the nucleus.
Therefore, the problem of choice between the “core” and
“valence” semilocal RECPs appears. This problem is
correctly eliminated inthe Generalized RECPversion. It
allows oneto attain practically any desired accuracy.

4. GENERALIZED RECP

The GRECP concept wasintroduced and developedin a
series of papers (see Refs. [14, 19-22] and references).
The GRECPAnNsétz isvery flexibleand covers semilocal,
separable and Huzinaga-type [23] Ansdtze for RECPs.
Additionally, the GRECP operator can include terms of
other types, e.g. “self-consistent” and two-electron “term-
splitting” corrections [14, 19, 24], which are important
first of all for economical but accurate treatment of
transition metals, lanthanides and actinides. With these
terms, the accuracy provided by GRECPs can be even
higher than that of the frozen core approximation with
the same number of explicitly treated electrons,
accounting for the relaxation of removed inner core shells
[14]. Inthisreview we shall resrict our attention to rather
simplefield-independent one-el ectron form of GRECPs.

In contrast to other RECP methods, GRECP perfectly
fits to the idea of separating the atomic shell into three
groups: inner core, outer core and valence, which are
treated differently. The scheme employed to generate the
GRECPs naturally extendsthat for the semilocal shape-
consistent RECP (see Section 3). In the most common
case of no more than one outer-core spinor for each
pair, the GRECP operator U, can be written in the
following form:

UG = Uv+ (Uc_ Uv) Pc + Pc(Uc_ Uv) -
P.(U.-U) P, ... (8)
whereU_ and U, are the “core” and “valence” semi-local
RECPs respectively and P, is the projector on the
subspace spanned by all outer core pseudospinors. The

general expression for the GRECP operator can befound
in Ref. [14]. Onereadily verifies that for any outer-core

spinor ¢nc|jm (m stands for the projection of the total
angular momentum) U 9 im = U, . For any function
from the valence subspace ¢, one gets:

UG(I)mlJm = Uv¢mlim + Pc (UC_ UV) q)q,ljm - (9

Taking into account Eq. (7) used to generate U,, one
can demonstrate that for any outer-core pseudospinor

¢,.ym and any valence one:
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<¢“c'im‘U° -U, ¢nvlim> =0

so that the second term in the r.h.s. of Eq. (9) vanishes
and U im = U, jim. TO summarize, U, combines
“outer-core” and “valence” RECP, acting on outer-core
and valence spinors as U_ and U, respectively. The
problem of choice between U and U, isthus eliminated.

Let us noticethat thelast terminther.h.s. of Eq. (8)
act only within the finite-dimensional space of outer-core
pseudospinors. One can check that the second and the
third terms cancel any spinor orthogonal to two finite-

dimensional sets, that of outer core functions { ¢, m}

and the set of functions{(U,- U,) ¢}, and cannot

produce anything orthogonal to these two sets, so that
their action is restricted to finite-dimensional space
spanned by thesetwo set. In other words, all theseterms
are separable and the GRECP operator 8 is the sum of
the “valence” semi-local operator and a separable
correction. This correction accounts for the difference
between potential sfor outer-core and valence shells. As
has been shown in Ref. [25], this difference within the
spherer > R_ arisesfrom the smoothing and often cannot
be neglected without loosing the “chemical accuracy”
of valence energies. A more detailed description of
distinctive features of the GRECP as compared to the
original RECP schemesisgivenin Refs. [16, 17, 26, 27].
Some other GRECP versionsare described and di scussed
in detailsin Refs. [14, 19-22].

The spin-orbit representation of GRECPs similar to
(5) which can be found in Ref. [17] is more suitable in
practical applicationsto molecular calculations. Despite
the relative complexity of the GRECP operator, the
calculation of its one-electron integrals is not notably
more expensive than that for the case of the conventional
radially-local RECP operator.

5. EXAMPLE: APPLICATION TO HgAND HgH

Below we compare the accuracy of various RECP
approximations in the cal culations on the Hg atom and
HgH molecule. The numerical self-consistent-field
atomic calculations of excitation energies within the
ji-coupling scheme allow one to test a quality of the
different RECP versions avoiding the errors due to the
basis set incompleteness. The deviations of the RECP
excitation energiesfromthose of all-electron Dirac—Fock
calculations are presented in Table 1.
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Table1
Transition energies (cm~1) for Hg averaged over nonrelativistic
configur ations from the numerical SCF calculations with
different RECP versions as compared with those from
all-electron (AE) calculations

Absolute Error

Transition lonic RECP “Core”*“Valence”
Energy Ross Tupitsyn RECP RECP GRECP

Configuration (AE) etal.? etalP

5d'%6s> 0 0 0 0 0 0
5d6st6pt 35743 214 130 -304 -45 2
5d%6st6d* 56932 219 102 -513 -47 3
5d%6s!5f* 62127 218 100 -511 -46 3
5d'%6st 68990 218 100 -511 -46 3
5d“%6pt 122315 527 315 -762 -67 33
5d'%6d* 163282 608 323 -1094 -88 26
5d105f! 179712 612 319 -1089 -89 19
5d1° 207331 612 319 -1081 -81 27
5d%6s%6pt 73391 142 250 672 447 411
5d%¢ 113133 139 209 434 468 432
5d%s'6p* 163992 435 428 216 426 437
5d°%st 257802 522 428 -110 440 454
5d%pt 325218 917 744  -255 439 503

2RECP from Ref. [30].
PRECP from Ref. [16].

The data in the table are divided into the groups
according to the occupation number of the 5d shell. The
use of the Generalized RECPs dramatically improve
energy estimates for the transitions with constant 5d
occupancies in comparison with al semi-local RECP
versions. Excitationsinvolving 5d electrons|ead to rather
significant relaxation effects, and all variants of RECP
calculations treating the 5d shell as an outer-core one
cannot accurately reproduce the energies for the
corresponding transitions. Systematic errors of the
GRECP model (ca. 400 cm~1) in this case can be
eliminated, for instance, by incorporating “self-
consistent” terms in the RECP operator [24] or via explicit
treatment of the next outer-core (4d) shell. A detailed
analysis of errors concerning the excitationsfrom outer-
core shellsisgiven in Ref. [14].

Much more reliable transition energy estimates
accurately accounting for electron correlations are
obtained by the Fock-space Rel ativistic Coupled Cluster

(RCC) method (see the review [28] and references
therein). RECP errorsin reproducing the all-electron RCC
transition energies in Hg for the case of 20 correlated
electronsand equivalent correlation[7,9, 8, 6, 7, 7] basis
sets for all-electron and RECP calculations [29] are
presented in Table 2. The largest absolute errors in
reproducing the transition energies with single-electron
excitation or ionization are 94 cm~* for the GRECP[16]
and 729 cm~1 for the semi-local RECP of Ross et al.
[30]. The same number of electrons, twenty, isexplicitly
treated in all these RECP versions. The larger errorsfor
the RECP [30] are mainly due to the neglect of the
difference between the outer core and val ence potential's
in semi-local RECP versions (see [14, 16] for more
details).
Table 2
RCC transition energy estimates (cm~1) for Hg with

different RECP versions as compared with those from
all-electron RCC calculations

All-el. DC 20 el. GRECP? 20 el. RECP of

Ross et al.”
Sate (leading Transition
configuration, term)  energies Errors®
5d%¢* (1) -
5d1%6s'6p* (°P,) 37260 -10 363
5d'%s'6p (°P,) 39091 4 378
5d1%s'6p* (°P,) 43925 28 437
5d%s'6p* (*P,) 55095 79 416
5d1%s! (281,2) 84215 36 482
5d1%s! (3S,,,) -
5d1%6p* (?P,,) 51734 -9 428
5d1%p* (?P,,,) 60883 11 539
5d1°(1s) 150720 -58 729

aThe GRECP from reference [16].
bThe RECP from reference [30].

In this table, errors were calculated as differences between the
transition energies from the RECP and all-electron calculations for
the same number of correlated electrons and equivalent basis sets.

The calculated parameters for the ground states of
HgH and HgH* are collected in Table 3. Two series of
GRECP/RCC calculations with single, double, and
estimated triple amplitudes, SDT, were performed. Inthe
first series, the ground state of the HgH* ion served as
reference (denoted RCC-1, and the Fock-space scheme
was
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HgH" - HgH,

Table 3
Spectroscopic constants of the ground states of the
HgH moleculeand HgH* lon. R, isin A, D, in eV, other
valuesin cm~!

Re a)e De Be a)eXe ae

HgH 22;,2
Experiment
Ref. [36] 1741 1385 046 555 75 0271
Ref. [37] 1.740 1387 046 555 83 0312
Ref. [38] 1735 1421 046 559 121 0404
GRECP
calculations[40]
RCC-1 1.730 1424 041 562 81 0343
RCC-2 1738 1362 041 556 93 0.380
All-electron
calculations [31]
RCC-1 1753 1359 040 530 89
RCC-2 1758 1361 040 526 108

HgH* 13}
Experiment
Ref. [39] 1594 2028 (3.11)* 6.61 41 0.206
Ref. [37] 1594 2034 (2.4)* 6.61 46  0.206
GRECP
Calculations[40]
RCC-1 1591 2044 270 6.64 41 0.208
RCC-2 1596 2051 259 6.60 32 0.185
All-electron
calculations[31]
RCC-1 1.607 2020 255 642 33

aCited in Refs. [37, 39] as uncertain.

with electrons added in the lowest unoccupied o and Tt
orbitalsof HgH*. The second series (RCC-2) started from
the ground state of the HgH™ ion as reference, using the
Fock-space scheme:

HgH- - HgH - HgH", .. (12)

with electrons removed from the highest occupied o
orbital of HgH~. Spectroscopic constants of the HgH
ground state are in excellent agreement with the
experimental data. The differences between the results
obtained with the two Fock-space schemes are small.
Such differences arise from the truncation of the cluster
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operator, and indicate omitted contributions from higher
excitations. Similar behavior is observed the ground state
of HgH*. Here, the results obtained with scheme (10)
are slightly better that those of scheme (11) as might be
expected; however the differences are still rather small.
It should be noted that the results of the GRECP
calculations performed with sufficiently large basis set
should be compared with the experimental data rather
than with that of all-electron Dirac-Coulomb (DC)
calculations [31] because arelatively small basis set for
Hg (in particular, without g-type functions) was used in
the latter.

6. SEPARABLE PSEUDOPOTENIALS

In calculations on large polyatomics and periodic
systems, shape-consistent RECPs are usually approxi-
mated by separable operators (i.e. those acting within
finite-dimensional subspaces). This stratagem dramati-
cally reduces the computational work required to set up
the RECP matrix in the cases when the valence/outer
core many-electron problem is solved using delocalized
(plane-wave) bases. If the basisis composed of localized
functions, the corresponding savings are much less
essential sincethe mgjority of integralsinvolving RECP
can be neglected a priopi due to the strongly localized
nature of pseudopotential operators. Nevertheless, inthis
case separable RECPs still can be atool of choice dueto
the simplicity and numerical stability of requisite
computational algorithms.

A straightforward separable approximation to the
RECP U isimmediately obtained through defining afinite
(normally one-center) set of one-el ectron functions{ xp}
and projecting U onto the subspace £ spanned by this
set: [32]

e YIS, 1)

where S denotes the overlap matrix, Spq = <xp ‘Xq> , and

U U, = <xp‘U‘xq> is the RECP matrix. One should

notice that (i) because of strong localization of U in the
core region, it is usually senseless to choose {xp} asa
one-center subset of the basis used to solve the valence/
outer core many-electron problem, (ii) even for the
functions from £ (¢ O £), Usepnb z Ud unleﬁs{xp} is
completesince usepq; istheprojectionof Up onto L. Itis
not thus surprising that a reasonable accuracy implies
the use of rather large subspaces £ comprising the

. (12)
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functions localized in the core region. For instance, a
few dozens of primitive Gaussians should beincludedin
{X,} to avoid significant errors due to the approxi-
mation (12).

The abovementioned shortcomings are partially
avoided through passing to an alternative separable
approximation for U [33-35] acting within the subspace
spanned by the functions { pr}, where {xp} is still a
pre-defined set of one-electron functions:

Uy = Z\UXJ(U*)M (x|

It might be worth noting that the operator (13) does
not exactly coincide with (but does not strongly differ
from) the restriction of U onto the subspace spanned by
{ UX,}. One readily verifies that now Usepq) = U¢ for
any function ¢ from L. Due to this fact, the use of
Usep (13) is very efficient at least in DFT calculations.
Provided that the set {xp} is composed of atomic
pseudoorbitals, rather accurate DFT resultsare normally
obtained with very small dimensions of £ (normally 3-5
for each pair of j, | values). A remarkabl e advantage of
the operator (13) isthat it is well-defined even for {xp}
having radial nodes; to determine it completely, it is
sufficient to know the functions { .} and {UX.}.
Formally, the potentials U can be divergent at the nodes
of the corresponding orbitals. Note that the separable
correction added to the semi-local RECP to form the
GRECP operator shares the main advantages of the U,
operator (13).

.. (13)

Unfortunately, one cannot consider the separable
replesentation (13) as a panacea. Let us recall that the
components of semilocal (or generalized) U are usually
repulsive. Since Usep (13) simply kills any function
orthogonal to al UXp» the repulsive contribution from U
to the one-el ectron energy associated with such function
will be lost, so that this energy will be too low. In the
cases, when £ is spanned by a minimum set of atomic
one-electron function, thislead to acollapse of solutions
even at the DFT level (so-called “ghost state effect”)
rapidly disappearing when excited atomic functions are
added to {xp}. The latter trick is not so useful in
correlation wavefunction calculations. For instance, it
doesnot efficiently eliminate the lowering of one-electron
energies for “correlation” functions which are localized
in the outer-core region but orthogonal to outer-core
functions. Invoking the perturbation theory argumen-
tation, one can easily realize that the corresponding

contributions to correlation energies will be over-
estimated.

Itisoften advantageousto build separable approxima-
tionsfor thenon-local partsof RECP(e.g. U; (r) -U,(r)
in Eq. (3)) rather than for the whole RECP operators.

In practice, the separable operators (12) or (13) are
usually reduced to sums of weighted projectorsonto one-
dimensional subspacesby an appropriate transformation
{x } - {X }) within £, diagonalizing the matrices
s-IUs-tor U respectively,

Uy = Z\x

where u, or w, are numerical amplitudes.

xp‘or Z‘U)N(p>wp <>“(pu\,

.. (14)

Separabl e approxi mations can be constructed for any
type of field-independent RECP, and the complexity of
molecular or solid-state calculations formally does not
depend on the complexity of the RECP Ansétz.
Nevertheless, in some cases the peculiarities of original
models can affect the efficiency of separabilization. For
instance, the use of Eq. (13) in molecular calculations
with analytical (e.g. Gaussian) bases implies simple
analytical (preferably also Gaussian) fitting of the
functions {Ux} . Taking into account the advantages of
using smooth AO-like {xp}, one can redlize that the
presence of irregularities in valence-adapted or
generalized pseudopotentials should giverise to certain
difficultiesin thisfitting.

7. CONCLUDING REMARKS

Therelativistic shape-consistent effective core potential
theory was developed to perform moderate-accuracy
mol ecular electronic structure cal culationswith minimal
computational cost. It is demonstrated meanwhile that
the modern shape-consistent RECP formulations can
ensureapretty high accuracy of calculation for molecules
including those comprising very heavy atoms, still using
essentially nonrel ativistic-type (though spin-dependent)
Hamiltonians. Recently it has been justified that the one-
electron RECP operator, in addition, can very efficiently
treat theinterelectronic relativisticinteractionsincluding
Breit ones, QED effectsaswell asarbitrary finite nuclear
models.

The latest improvements of the shape-consistent
RECP theory offer the possibilities to increase the
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accuracy of the shape-consistent effective potential model
to a level yet inaccessible by the modern ab initio
correlation methods and codes even for a few-atomic
many-electron systems. It is also pointed out that the
shape-consistent RECP theory with semi-local effective
operators can be deduced from natural theoretical
propositions. In turn, thefurther improvement of accuracy
requires to employ more sofisticated small-core RECP
operators taking into account some non-local (but
separable) terms.

Being reformulated in the frameworks of
computationally more efficient separable effective
operators, the shape-consistent RECP approach is very
suitablefor calcul ations of large polyatomic and extended
systems when the density functional theory isapplied to
take into account the effects of electron correlations.
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