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RESEARCH LETTER

STARK BROADENING OF HYDROGENIC SPECTRAL LINES BY LANGMUIR TURBULENCE IN
MAGNETIC FUSION PLASMAS: DIAGNOSTIC POSSIBILITIES

EUGENE OKS
Department of Physics, 206 Allison Lab, Auburn University, Auburn, AL 36849 USA.

Abstract: We derive the dynamical Stark width and shift of hydrogenic spectral lines caused by Langmuir turbulencein
magnetic fusion plasmas. We show that this additional broadening mechanism can dominate over the Stark broadening by
the plasma microfield, theories of the latter broadening being also discussed. We also derive conditions necessary for
Langmuir-wave-caused dips/depressionsto occur in the profiles of the components of the Zeeman triplet. Based on this
analysis, we propose methods for the spectroscopic diagnostics of Langmuir turbulence in magnetic fusion plasmas.

PACS: 52.55.-s, 52.35.Ra, 32.60.+i, 32.70.Jz.

1. INTRODUCTION

The magnetic fusion research community isinterested to
find out whether Langmuir turbulence devel opsin magnetic
fusion and, if it does, to determine its para-meters. It is
desirable to have spectroscopic diagnostics for this
purpose, because it is “non-intrusive”: it does not perturb
parameters to be measured.

A number of spectroscopic methods for diagnosing
Langmuir turbulence/oscillations in different kinds of
plasmas has been devel oped and practically implemented
by Oks and his collaborators, as presented in book [1].
All these methodsrel ated to situations where the radiator
(e.g., a hydrogen or deuterium atom) is subjected to a
quasistatic electric field—in addition to the oscillatory
electric field of Langmuir turbulence and to the broad-
band dynamic microfield due to plasma electrons. The
quasistatic electric field was usually represented by the
ion microfield (in the case where the latter was mostly
quasistatic) and/or by a low-frequency electrostatic
turbulence (e.g., by ionic sound).

Inthissituation, there occur the following two major
effectsof Langmuir turbulence on profiles of hydrogenic
spectral lines. The first effect is an appearance of dips/
depressionsat distancesfrom the unperturbed line position
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(inthefrequency scale) that are proportional to the plasma
electron frequency 0, the proportionality coefficients
being rational numbers (expressed viathe corresponding
quantum numbers). Langmuir-wave-caused dips
(hereafter, L-dips) in profiles of hydrogenic spectral lines
werediscovered experimentally in 1977 [ 2] and explained
theoretically in papers[2-6]. This effect was observed
and used for diagnosticsin alarge number of experiments
conducted by various experi-mental groups at different
plasma sources (see, e.g., book [1]). The latest
experimental results (obtained in alaser-produced plasma)
can befoundin[7].

The second effect is an additional dynamica broa-
dening [8, 9] (presented alsoin book [1]). Indigtinction to
thefirst one, it was not widely used for diagnostics.

In all of the above experiments, magnetic fields did
not play any substantial role. Therefore, for magnetic
fusion plasmas, characterized by a strong magnetic field
of several (up to 10) tesla, possible effects of Langmuir
turbulence on hydrogenic lines should be anal yzed afresh.
Below we present such analysis and propose—on its
basis—a method for the spectroscopic diagnostic of
Langmuir turbulence in magnetic fusion plasmas. The
primary focus will be the additional dynamical broa-
dening—for reasons explained bel ow.
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2. THEORETICAL ANALYSIS AND
DIAGNOSTIC POSSIBILITIES

2.1 Line Broadening by Langmuir Turbulence

In 1975 Oksand Sholin[8] derived analytically additional
contributionsto the width and shift of hydrogenic spectral
lines due to Langmuir turbulence for the case where the
separation wy- between sublevelsof the principal quantum
number n is caused by a quasistatic electric field F
(hereafter, the “electric” case, for brevity). In this case
the separation between the Stark sublevels in the
frequency scaleis

w: = 3nh FlI(2Zme), . (1)

where Z, is the nuclear charge of the radiator. The
stochastic electric field of Langmuir turbulence was
represented in [8] in theform

J
E, () = ZEi (ecosHpit+0, (E .. (2

=
where the phase q)j (t) and the amplitude E, (t) change
their values with the every change of the state of a
Poisson process characterized by the average change
frequency y,. Between the changes, the quantities ¢, (t)
and the components E? (t) are constant taking random
values characterized by acertain distribution. In particular,
thephase ¢, hasauniformdistributionin theinterval (0,
2m) withthe density 1/(2m). The stochastic function E, ®
in (2) is the realization of a kangaroo-type uniform
Markovian stationary stochastic process. A convenient
characteristic is the root-mean-square average
E, = (<IE; (Y>)"?, whichiscalled for brevity the average
amplitude.

Themain frequencies W are all approximately equal
to the plasma el ectron frequency

= (4mePN, / )”2 05.641 x 10*
(")p_ e/ M :

N, (o)

Here N, is the electron density.

.. (3)

The frequency y, < w, is the largest of the charac-
teristic frequencies of various nonlinear processesin the
plasma— the processes such as, e.g. the generation of
the Langmuir waves, the induced scattering of the
Langmuir waves on the charged particles, the nonlinear
decay into ionic sound and so on. The frequency v, is
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assumed to control the width of the power spectrum of
Langmuir turbulence.

Theadditional contributionsto thewidth and shift of
hydrogenic spectral lines due to Langmuir turbulence,
derived analytically by Oksand Sholin [8], depend onthe
separation between the Stark sublevels w. caused by a
quasistatic electric field. However, for the conditions
typical for magnetic fusion plasmas—in particular, inthe
tokamak divertor region—the ion microfield is not
quasi static for the most intense hydrogeni c spectral lines.
Therefore, at the absence of alow-frequency el ectrostatic
turbulence, the separation between sublevels of the
principal quantum number nis caused by arelatively strong
magnetic field B (so that in this case these are Zeeman
sublevels rather than the Stark sublevels):

w, = eB/(2me) .. (4

Thus, in this “magnetic” case, the Langmuir-wave-
caused contributionsto the diagonal elementsT,, =—Re
®,, and D,z = —Re @, of the impact broadening
operator ® can be obtained from the corresponding Oks-
Sholin’s results by substituting w: by w,. Here a and 3
label sublevels of the upper (a) and lower (b) levels
involved in the radiative transition. For brevity we call
Iy @nd D, thewidth and the shift, respectively. Inthis
way, we obtain the following expressions for ', and
Dyp (the corresponding expressions for nondiagonal
elements of the operator ® will be published el sewhere):

Cop = o+ Tp = dyg dag EGY,/[377 (V7 + X)),
Dop =Dg *+ D, .. (5
where
M, = [Egyp/(lz h*)] {2dau2/(y’§ + oog) +
(g 1P+ g 4 1P) [H(V5 + (05— 0,)7)
+ U(y2+ (@ + @)}, .. (6)

Dy, = [EgVy/ (127°)1(Idg -1~ Iy g1F) [(005

— W/ (y5 + (W= 00)%) + (g + W)/(Yg +
(("oB+ wp)Z)]_ (7)

Here the matrix elements of the dipole moment
operator are

d(zxa = [3ea0naqa/(22r)]2' |da,a—1|2_ |d(‘1,(‘1+l|2
= dﬁa/qaz’ |du,u—1|2 + |du,u+1|2)

=d2, (- - - 1) /(2), ... (8)
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where a, isthe Bohr radius; g =n, - n,; n;, n, and mare
the parabolic quantum numbers. In Eqs (6) and (7), inthe
subscripts we used the notation a + 1 and a — 1 for the
Zeeman sublevels of the energies + /1 wy; and - /i wg,
respectively (compared to the energy of the sublevel a).
Formulasfor Mg and Dy entering Eq. (5) can be obtained
from Egs (6) and (7) by substituting the superscript
o by B.

the term containing the diagonal matrix element d2_
predominates, so that the other term can be neglected.
Thedominating termistheadiabatic contribution: it does
not couple (by virtual transitions) different Zeeman
sublevels—in distinction to the neglected term. Under
the same condition (9), the nondiagonal matrix elements
of theimpact broadening operator become much smaller
than the diagonal elements, so that the quantity g from

Eq. (5) becomes a “true width”.
Let us analyze the above results for the width—

because it is practically more important than the shift.
The expressionsfor the width demonstrate thefollowing
two characteristic features.

Figure1 showstheratio R= wy/w, versusthemagnetic
field Bfor three different electron densities N, Itisseen
that evenfor N,= 10" cm~3, whichisusually considered
asthelowest el ectron density relevant to magneticfusion
plasmas, the fulfillment of the condition (9) requires
magnetic fieldsgreater than 10 tesla*’.

For relatively large magnetic fiel ds, such that

W >> W, .. (9)
R
4,
3
5|
1l
— B,T

2 4 6 8

Fig. 1: Theratio of the frequenciesR = u)B/u)p versus the magnetic field B in tesla for three different electron densities N: 10™* cm3 (the
upper line), 10* cm3 (the middle line), 10'® cm3 (the lower line)

*/1n principle, there might exist also another adiabatic effect of the stochastic electric field of Langmuir turbulence if Yy << 0):
the formation of satellites separated by + kwp (inthefrequency scale) from each component of the Zeemantriplet (k=1, 2, 3, ...).
For the case, where Langmuir turbulence devel ops anisotro-pically in such away, that itselectric field islinearly-polarized, the
satelliteintensitieswere calculated analytically by Lifshitz[10] (see also book [1]). However, the satelliteintensitiesarerel atively
small. Even for the most intense satellite (k = 1), the ratio of itsintensity | to the intensity of the corresponding component of
the Zeemantriplet | is

I/1,~(n’T/U,,) [E3/ (BTIN,T].

Here U,, = 13.6 eV istheionization potential hydro-gen/deuterium atoms, T, is the electron temperature; the quantity E2/
(8N, T,), which is called the degree of turbulence, is the ratio of the energy density of the Langmuir turbulence to the thermal
energy density of the plasma. Thelatter ratio isaways much smaller than unity: usually it isintherange 10-2- 10~“. Given that
for spectroscopic experimentsrel ated to tokamak divertors, where the most intense hydrogenic linesare used (L, Lg, H,, Hp) one

has n?T /U, ~ 1, it isseen that indeed | /1, ~ (10-2- 10~*) << 1. Thus, these satellites do not seem to be useful for diagnostics
of magnetic fusion plasmas unless highly-excited hydrogenic lines (n >> 1) are employed.

International Review of Atomic and Molecular Physics, 1 (2), July-December 2010 / 171

P D F To remove this message, purchase the
product at www.SolidDocuments.com

5 SaLID



Eugene Oks

n ]S

o o U B

2

- B,T
4 6 8

Fig. 2: Theline (the geometric set of points) in the plane (B, N,) corresponding to the resonance: w;, = w,. HereB isthemagneticfieldintesla,

N, is the electron density in cm™

The most interesting is another scenario, where

0 = W, ... (10)

This resonance can occur exactly or approximately

for anumber of pairs (B, N,) typical for the conditions of

tokamak divertors. Indeed, from Fig. 2, which showsthe

line (the geometric set of points) in the plane (B, N,)

corresponding to the resonance (10), it follows that the

resonancetakesplace, e.g. for B=2Tand N = 10"%cm,

orforB=5TandN,=6x 10 cm=, orforB=8TandN,
=1.6x10%cm3,

In the conditions close to the resonance (10), the
Langmuir-wave-caused Stark width dramatically incre-
ases. Neglecting the non-resonancetermsin Eqs(5), (6),
it can be represented in the form:

I_GB = (ldq'u_llz + |du'q+1|2 + |d|3![3_1|2 +
Ay, p1P) B/ (12127 y,) - (12)

We note that all termsin Eqg. (11) correspond to the
nonadiabatic contribution: they couple by virtual
transitions different Zeeman sublevels.

Now let us compare g from Eg. (11) to the width
due to the competing Stark broadening mechanism. For
the conditionstypical for tokamak divertors, thelatter is
the dynamical Stark broadening by ions. In 1994
Derevianko and Oks [11] analyzed the dynamical Stark
broadening of hydrogenic lines by ions in magnetized
plasmasusing an advanced anal ytical semiclassical theory:
the Generalized Theory (GT). The GT originated from
papersby Ispolatov and Oks[12] and by Oks, Derevianko,
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and Ispolatov [13]; it was significantly enhanced | ater on,
assummarized in [14, 15].

The GT is based primarily on a generalization of
theformalism of DressesAtomic States(DAYS) in plasmas.
DASisthe formalism initially designed to describe the
interaction of amonochromatic (or quasi-monochromatic)
field — e.g., laser or maser radiation — with gases. Later
it was applied for the interaction of a laser or maser
radiation with plasmas[1]. The employment of DASIled
to the enhancement of the accuracy of analytical
calculations and to more robust codes.

The generalization of DAS in the GT is based on
using atomic states dressed by a broad-band field of
plasma electrons of ions[12-15]. Therefore generalized
DASisamore complicated concept thausual DAS, where
the dressing was due to a monochromatic field.

The GT alows analyticaly in the exact way (in al
orders) for the component of the dynamic plasma
microfield parallel to the additional static (electric or
magnetic) field. Thusthe GT made asignificant advance
compared to the simplest semiclassical theory of the
dynamical Stark broadening (see, e.g. [16]) — sometimes
called the Standard Theory (ST) or the conventional
theory —since the ST allowed for the same component
of the dynamic plasmamicrofield only inthe 2nd order of
the Dyson perturbation expansion. In distinction to the
ST, the GT is not divergent at small impact parameters.
In paper by Toumaet al. [17] it was shown analytically
that for the overwhelming majority of hydrogenic lines
the GT does not violate the unitarity of the Smatrix at
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any impact parameter and therefore does not have to
separate collisions into “weak” and “strong” —in
distinctiontothe ST. Thelatter hasto separate collisions
into “weak” and “strong” for all hydrogenic lines (to avoid
the divergence) and defines the boundary between the
“weak” and “strong” collisions only by the order of
magnitude. Only for few hydrogenic lines (such as, e.g.
for L, andto alesser extent for Ly and H,) the GT might
violate the unitarity at small impact parameters (as
discussed by Oks, Derevianko, and Ispolatov [13]) and
could use the separation into “weak” and *“strong”
collisionsfor enhancing the accuracy.

In the GT, the dynamical Stark width due to ions
consigts of adiabatic contribution (proportional to thesum
of the diagonal matrix elements d,,”+dg*) and
nonadiabatic contribution (proportional to the sum of
the nondiagonal matrix elements |d, ., [ +|d, ...
+]dg e P +1dga. P) = similar to Egs. (5) — (7) for the
L angmuir-wave-caused contributionsto the Stark width.

Themainresult of the GT for magnetic fusion plasmas
isthefollowing. At values of the magnetic field B typical
for magnetic fusion plasmas, practically the entire
dynamical Stark width due to ions is due only to the
adiabatic contribution. Thisis because, as the magnetic
field B increases, causing the increase of the separation
w, between the Zeeman sublevels of hydrogenic atoms,
the nonadiabatic contribution to the dynamical Stark
broadening by ions decreases — specifically, it decreases
dramatically at magnetic fiel dstypical for magneticfusion
plasmas. Some further details on the main result of the
GT for magnetic fusion plasmas are presented in
Appendix */.

Theratio of I, from Eq. (11) to the corresponding
contribution y,; dueto the dynamical broadening by ions
calculated by the GT can be represented as the product
of four dimensionlessfactorsasfollows:

g/ Yop ~ (M/M)Y2[T r /e (Y,
[E2/(8TIN,T,)]

Here M is the reduced mass of the pair “radiator—
perturbing ion” and r isthe Debye radius. We note that
theright sideof Eq. (12) can besimplifiedtoamoreexpli-
citscaling: T /Y, gisproportional to ESTY4/(Ny, MY2),if T,
=T, However, therepresentation of I/, ; astheproduct
of thefour dimensionlessfactorsin (12) providesabetter
physical understanding and is more convenient for
estimates. A practical formulafor the product of thefirst
twofactorsintheright sideof Eq. (12).

.. (12)

(M/M)Y2[Tr /€7
= 1.204 x 108 [T, (eV)]¥?
[N, (cm3)]=* (M_/ M), .. (13)

where M, is the proton mass.

L et usestimatetheratio Fo(B/yo(B for ahydrogenplasma
(so that M = Mp/ 2) of the electron density
N, =6 x 10* cmr3 and of thetemperature T,=5€V. From
Eq. (13) we get: (m,/M)Y2[T r /€] = 246 >> 1, so that
[ op/Yap ~ 2% 107(0,/Y,) [EZ/(8TN,T)]. Theratio w /y, is
a large quantity—typically in the range of
(10?-10%), whilethedegreeof turbulence EZ/(8mN,T,) is
asmall quantity —typically intherangeof (10~4-10-2).
So, weobtainthefollowingrange: I ,4/Y,s ~ (2—2x 10%).

Thisexampleshowsthat for magnetic fusion plasmas,
the contribution to the dynamical Stark width dueto the
Langmuir turbulence can dominate over the competing
dynamical Stark broadening by ions, sothat thehal f-width-
at-half-maximum of ahydrogeniclinewill be

By, = [N(2ME)] Ty .. (14)

*/In 2009 Rosato et al. [18] revisited the subject studied by Derevianko and Oks[11] in 1994: the dynamical Stark broadening of
hydrogen/deuterium lines by ions in magnetized plasmas. Paper [18] presented some analytical results and some simulations.
The analytical resultsin [18] were based on the ST. In Appendix to the present paper it is shown that the analytical resultsfrom
[18] yield a very dramatic inaccuracy — up to two orders of magnitude (!).

Rosato et al. [18] knew that the dynamical Stark broadening of hydrogen/deuterium lines by ions in magnetized plasmas had
been already described by an advanced theory, such asthe GT, by Derevianko and Oks[11]: in[18] thereisareference to paper
[11]. Nevertheless, they decided to recycle the obsolete theory, such asthe ST, in application to the same phenomena. Judging
by thisand by alater comment by Rosato [19], it seems that they are confused/misguided concerning this issue, which is why
the Appendix at the end of the present paper should by useful to them.
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where A, istheunperturbed wavelengthand I isgiven
by Eqg. (11). Thus, it can be used for diagnostics of
Langmuir turbulence. Specifically, from the experi-
mentally measured Stark width of hydrogenic spectral
linesin the conditions closeto theresonance, itispossible
to determine the gquantity Eglyp—as it is seen from
Eq. (11).

2.2 L-dipsin Line Profiles

Let usnow briefly discussL-dips. They were discovered
experimentally and explained theoretically for dense
plasmas, where one of the el ectric fiel ds experienced by
hydrogenic radiators is quasistatic —due to the ion
microfield and/or alow-frequency e ectrostatic turbulence
(see[1-7]). Inthis situation, the central point of the L-
dip phenomenon was a resonant coupling between a
quasistatic electricfield F and an oscillatory electricfield
of the Langmuir wave. In the profile of the Stark
component of the Lyman line originating from the sublevel
g, the resonance could manifest, generally, as two dips
(L*-dip and L=-dip) located at the following distances
A\ =97 from the unperturbed wavelength A, of thisLyman
line:

MNP = —[\3/(2T)] {qu + [2(;{”/(27n3zrzpwal)] 12

[n? (n? - 6¢° — 1) + 12n°¢? + 6n°q]}
... (15)

Here Z, is the charge of the perturbing ions, w,, =
me* i3 04.14 x 10'° st isthe atomic unit of frequency,
nisthe principal quantum numbers. The first, primary
termin bracesreflectsthe dipoleinteraction with theion
microfield. The second term in braces takes into
account—yvia the quadrupole interaction—a spatial
nonuniformity of theion microfield. Thissecond termis,
generally speaking, acorrectiontothefirst term— except
for the case of the central Stark component
(q=0), for which thefirst term vanishes. We note that in
the profile of the central Stark component there could be
only one L-dip (hereafter, “central L-dip”) since the term
+ 6n?g vanishes. A formula for the L-dip positions in
profiles of hydrogenic lines from other spectral series
(Balmer, etc.) can befound in[1, 6].

It isimportant to emphasizethefollowing. For agiven
electron density N, the value of the plasma electron
frequency o, is fixed—in accordance to Eg. (3). The
resonance occurs when the separation between the Stark
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sublevels of the principal quantum number n caused by
thefield F

w- = 3nh F/(2Zme) ... (16)
isequal to 0
W = W, - (17)

The quasistatic electric field in plasmas has a broad
distribution over the ensembl e of radiators—regardiess
of whether thisfield represents theion microfield or the
low-frequency electrostatic turbulence. Therefore, if the
ion microfield is mostly quasistatic or a low-frequency
el ectrostati c turbulence has been devel oped in the plasma,
then there would aways be a fraction of radiators, for
which the resonance condition (4) is satisfied.

However, for the conditions typical for magnetic
fusion plasmas—in particular, in the tokamak divertor
region—theion microfield isnot quasistatic. Therefore,
at the absence of a low-frequency electrostatic
turbulence, the separation w, = eB/(2m,c) between
sublevelsof the principal quantum number nis caused by
arelatively strong magnetic field B (so that in this case
these are Zeeman sublevels rather than the Stark
sublevels). Then the resonance conditionisgiven by Eq.
(10) instead of Eqg. (17).

In this situation, the following two conditions are
necessary for observing L-dips. First, the magnetic field
to have anoticeable nonuniformity AB acrosstheregion,
fromwhich aparticular hydrogenic lineisemitted:

AB/B > [A /(2me)] n?h EJ(meZ,), .. (18)

Second, the Langmuir el ectric field should not betoo
strong:

nhEJ(meZ) <y, .. (19)

Under conditions (18), (19), it could be possible to
observe an L-dip inthe profile of each component of the
Zeeman triplet. The halfwidth of the L-dip oA, would
be controlled only by one parameter of Langmuir
turbulence — by the averaged amplitude E,

B\, 0(3/2) V2 \2r2 1 EJ(8TimecZ,), ... (20)

so that the other parameter, namely Yo would not enter
the formula (20).
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Therefore, the following diagnostic method can be
proposed. If L-dips are observed in the profiles of the
components of the Zeeman triplet, one can first deduce
the averaged amplitude E of the Langmuir electricfield
from the experimental halfwidth of the L-dip using
Eqg. (20). Then from the experimental halfwidth of the
components of the Zeeman triplet, one can deduce the
quantity EZ/y, via Eq. (14) and thus (since E, would be
aready determined) the characteristic frequency Yo of
the nonlinear process controlling the width of the power
spectrum of Langmuir turbulence.

3. CONCLUSIONS

We derived the dynamical Stark width and shift of
hydrogenic spectral lines caused by Langmuir turbulence
in magnetic fusion plasmas. We showed that this
additional broadening mechanism can dominate over the
Stark broadening by the plasma microfield. We also
derived conditions necessary for Langmuir-wave-caused
dips/depressionsto occur inthe profiles of the components
of theZeeman triplet. Based onthisanalysis, we proposed
methods for the spectroscopic diagnostics of Langmuir
turbulencein magnetic fusion plasmas.

We obtained the results (5)—(7) for the case, where
an additional static field experienced by radiators is
magnetic, from the corresponding Oks-Sholin’s results
[8] derived for the case, where an additional static
(quasistatic) field experienced by radiatorswas el ectric.
We note that the latter results were derived under the
assumption that Langmuir turbulence develops isotro-
pically. Later Oksand Sholin[9] extended theanaysisto
the situation wherethe Langmuir turbulenceis devel oped
anisotropically. Thisled to the differencein the Langmuir-
wave-caused Stark width (and shift) observed in two
perpendicular linear polarizations. Details on the
corresponding results for the magnetic case will be
presented elsewhere. Here we only emphasize that the
polarization anadysisisan effectivetool to find out whether
Langmuir turbulence developed anisotro-pically and to
determine experimentally its parameters, including also
the degree of anisotropy.
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APPENDIX A
BRIEF COMPARISON OF THEORIES OF
STARK BROADENING OF HYDROGENIC
LINES IN NON-TURBULENT MAGNETIC
FUSION PLASMAS

A.1 The Primary, Adiabatic Contribution to the
Linewidth

At magnetic fields typical for magnetic fusion plasmas,
the nonadiabatic contribution to the dynamical Stark
broadening by ions decreases dramatically [11, 14] — as
discussed also in Sect. A.2 below. So, the main result of
the GT for magnetic fusion plasmasisthat practically the
entire dynamical Stark width dueto ionsis due only to
the adiabatic contribution.

In accordance to [11-15], the adiabatic contribution
to the dynamical Stark width due to ions y,, has the
following form, which is the exact, nonperturbative
analytical result:

Vg = 18(7m)? (XaB/Zr)2 Z2N.(2rv / T)Y21(R),
Xap = Ing, - anBl' .. (A)

Here Z, N,, and T, are the charge, the density, and
the temperature of the plasma ions, respectively; M is
the reduced mass of the pair “radiator — perturbing ion”;
thefunction I(R) isdefined asfollows:

I(R) = {R?3~ cos(I/R)] + (R - 2R?) sin(L/R)
—Gi(1/R)}6, .. (A2)

In Eq. (A.2), ci(1/R) isthe cosineintegral function,
the quantity R being

R =15/ .. (A3)
where
Iy = [T /(4Te?N)] V2
= 743.40[T(eV)/N(cnT3)]Y2,cm ... (A4)
is the Debye radius and
Fe= 3Xyp 11 (Z,MV,)
= 3.5486x10°° (X ,¢/Z)(MIM )2 [T,(eV)]¥2, cm
... (A.5)

isthe adiabatic Weisskopf radi us(Mp isthe proton mass).
The quantity r,,, naturally arisesinthe GT with the exact
coefficient given in (A.5) —in distinction to the Weisskopf
radius of the ST defined only by the order of magnitude.
The practical part of formula (A.5) was obtained using
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thefact that the average over ion velocitiesis performed
with the effective statistical weight factor W,,(v,)/v;,
where W,,(v,) is the Maxwell distribution, and that
W, (V)/v; has the maximum at v, = (T,/M)¥2.

For comparing the adiabatic Stark widths of the GT
and of the ST, it is convenient to introduce the adiabatic
broadening cross-section g, (v;) related to the adiabatic
widthy, asfollows:

Ya = N [dvW (¥ Vo, (%), ... (A.6)
0

where W(v)) is the velocity distribution. In the GT, the

adiabatic broadening cross-section 0,.(V,) is

O.cr(V) = 2i[r (V)12 I[R(V)], ... (A7)

where I[R(v))] is given by (A.2) and r,,,(V,) is given by
the first equality in (A.5). Thisis the exact analytical
result equivalent to the summation of all orders of the
Dyson perturbation expansion.

In paper by Rosato et a [18], based on the second
order of the Dyson perturbation expansion of the ST, the
adiabatic broadening cross-section g, (V) is

o-aRos(Vi) = T[[rstr(vi)]2 + 2T[[rW,Ros(Vi)]2 In[rD/rstr(Vi)]
= 271y ros(VII {112 + IN[1 /1y og(V)],
... (A.8)

wherer (v)) is aso-called “strong collision radius” (i.e.,
the boundary between weak and strong collisions);
(V) = I'yros(V) for the adiabatic contribution. The
Wei sskopf radiusinthe ST isdefined only by the order of
magnitude (which is one of the major sources of the
inaccuracy of the ST): itis~n,2a/ (Z,my,). Rosato et al
[18] arbitrarily chosethefollowing numerical coefficient
in the Wei sskopf radius of the ST:

MuresV) = (232 n2al (my). ... (A.9)

We note that they set Z, = 1 because their work was
limited to hydrogen /deuterium spectral lines. Therefore,
in the comparison below we also set Z, = 1.

We denotetheratio of the adiabatic broadening cross-
sectionsasfollows:

K = Oapes/OaGT - ... (A.10)

Below we provide examples of the values of theratio
K for several hydrogen lines in a hydrogen plasma (so
that M=Mp/2) at the conditions typical for tokamak
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divertors. The components of aparticular lineareidentified
by the parabolic quantum numbers:

(n,n,m), — (nyn,m), ; weasoindicatethe polarization
of the component (1t or 0). The ratio K is calculated at
T=4¢eV and N, = (1-3)x10" cnr3,

For the Paschen-alpha line, for the component
(102) - (101), which is one of the two most intense
o-components. K = 80.

For the Balmer-gamma line, for the intense
Tecomponent (220) — (010): k = 50.

For the Balmer-alpha line, for the component
(101) - (100), which is one of the two most intense
o-components: K = 30.

The above shows that Rosato et al [ 18] overestimated
the primary, adiabatic contribution to the dynamical
Sark broadening by ions by up to two orders of
magnitude (!).

A.2 The Secondary, Nonadiabatic Contribution to
the Linewidth

The nonadiabatic contribution to the dynamical Stark width
duetoionsy,,, calculated for magnetic fusion plasmas
usingthe GT, hasamore complicated formthan Eq. (A.1),
as can be seen from Egs. (5) — (8) of [11] or Egs. (4.4.5)
—(4.4.6) of book [14]. It is controlled by the integral of a
so-called width function A (x, Y, Z) over scaled
(dimensionless) impact parameters Z:

Zp

a_(x.Y,Z,) = [dZA_(X.Y.2)/Z. . (A.11)

The scaled impact parameter Z is defined as

Z(p) = plpg = 2mevp/ (eB). ... (A.12)

The upper limit of the integration in (A.11) is
Z, = Z(rp), where ry is the Debye radius. Typically
I'p > My Whichisassumedin (A.11).

Compared to the ST, there are two new parameters
that enter the width function. The first one x stands for

X = (N0, - anB) n,. ... (A.13)

The second new parameter Y is physically the most
important: itisacoupling parameter defined as

Y =3n.Z neB/(2m2cv?)
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=0.31885 nZ(M/M)B(T) /Ti(eV), v=aor}p,

... (A.14)
where Z, is the charge of the plasmaions.

For example, for the D, or Ly line (n, = 3) from a
deuterium pIasma(M/Mp =1,7=1),Eq. (A.14) yields.
Y =0.95655 B(T) / T,(eV). For thetypical parameters of
tokamak divertors, theratio B(T) /T,(eV) is greater or of
the order of unity, sothat Yisalso greater or of the order
of unity. At these values of the coupling parameter, first,
the ST becomes quite inaccurate, and second (but most
importantly), there occurs a dramatic decrease of the
nonadiabatic contribution to the dynamical Stark width
duetoions. Thus, thetotal contribution to the dynamical
Stark width due to ions can be well represented by the
adiabati c contribution given by Eq. (A.1).

The finding, that the nonadiabatic contribution
significantly decreaseswith the increase of the magnetic
field, wasquite clear already in 1994: fromthe results of
Derevianko and Oks[11] (where Egs (A.11)-(A.13) were
first presented) complemented by theresults of Ispolatov
and Oks [12] (where it was shown that the function
a (X, Y, Zp), controlling the nonadiabatic contribution,
significantly decreases with the increase of the coupling
parameter Y). Therefore, the claim by Rosato et al that
they were the first to “discover” this effect in their paper
[18] published in 2009 iswithout merit.

Finally, let usdiscussthereation between the unitarity
of the S'matrix and the nonadibatic contribution calcul ated
by the GT or by the ST. In both theories, the nonadibatic
contribution is calculated via {1 - §},,,, which is the
angular average of the nonadiabatic part of the S-matrix.
It is calculated up to the second order of the Dyson
perturbation expansion, but using the different basis: the
basis of the dressed atomic states in the GT as opposed
to the usual atomic basis in the ST. At small impact
parameters, the ST would violate the unitarity of the
Smatrix. To avoid the violation, the ST has to separate
collisions into “weak” and “strong”, the boundary between
them being defined from the condition

HL-Sote|=C.

The uncertainty in the choice of the constant C in
(A.15) is yet another major source of inaccuracy of the
ST.

Touma et al [17] showed analyticaly that for the
overwhelming majority of hydrogenic spectral lines, the
nonadi abatic contribution calculated by the GT doesnot

0<C<2. .. (Al5)
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violate the unitarity of the Smatrix — in distinction to the
ST. Therefore, for the overwhelming majority of
hydrogenic spectral linesthelower limit of theintegration
in (A.11) can remain to be zero.

Asanillugration of thisimportant distinction between
the GT and ST, we present Fig. A.1. For the most intense
Te-component (400) — (100) of the Balmer-gamma line,
Fig. A.1 shows the dependence of theintegrand A /Zin
(A.11) versus the scaled impact parameter Z: by the GT
(solid curve) and by the ST (dashed curve). The solid
curveiscalculated by the GT for the coupling parameter
Y = 0.85, which corresponds, e.g.,toB=4Tand T=15
eV,orB=6TandT=225eV,orB=8Tand T=3eV.
Two possible unitarity restrictions are presented by
straight lines. The solid straight line corresponds to the
choice C = 1 in (A.15), the dashed straight line
corresponds to the choice C = 2in (A.15).

A _/z

1
0.8
0.6
0.4

0.2

-0.2

Fig. A.1: Dependence of the integrand A_/Z in (A.11) versus the
scaled impact parameter Z: by the GT (solid curve) and by
the ST (dashed curve). The solid curveiscalculated by the
GT for the coupling parameter Y = 0.85, which corresponds,
eg.,toB=4TandT=15eV,orB=6Tand T=2.25¢eV,
orB=8Tand T =3eV. Two possible unitarity restrictions
are presented by straight lines. The solid straight line
corresponds to the choice C = 1 in (A.15), the dashed
straight line corresponds to the choice C = 2 in (A.15).
Theentireillustration isfor the most intense r-component
(400) - (100) of the Balmer-gamma line.

FigureA.1 clearly demonstratesthefollowing:

1. The ST violates the unitarity of the Smatrix and
has to separate collisions into weak and strong at
the value of Z somewhere between 0.8 and 1.

2. TheGT doesnot need to engage the unitarity cutoff:
theintegrand A _/Z strongly oscillates at small Z and
thus practically “kills” the contribution from the small
impact parameters to the integral.
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3. Even after engaging the unitarity cutoff, the ST
significantly overestimates the nonadiabatic
contribution — by several times (in addition to
dramati cally overestimating the adi abatic contribution
by up to two orders of magnitude).

We notethat for the Lyman-alphaline, asan exception,
the GT might need to engage the unitarity restriction and
therefore separate collisions into weak and strong. Figure
A.2 presentsthe plot for the same conditionsasinFig. A.1,
but for the o-components of the Lyman-alpha line:
(001) - (000), (00-1) — (000).

A /Z
=

02 04 06 08 1 12 14 1.6
Fig.A.2: Thesame asin Fig. A.1, but for the o-components of the
Lyman-alpha line: (001) — (000), (00-1) — (000).

Figure A.2 shows that for the chosen plasma
conditions, both the ST and the GT need engaging the
unitarity cutoff. It shows also that, after engaging the
unitarity cutoff for both theories, the ST till overestimates
the nonadiabatic contribution to the broadening, though
only dightly.

It should be emphasized that the Lyman-alphaline
has zero or little practical importance for diagnostics of
magnetic fusion plasmas because additional broadening
mechanisms (opacity broadening and/or Doppler
broadening) would usually dominate over the Stark
broadening of this line. Therefore, the fact that for the
Lyman-alpha line, as an exception, the GT might need
engaging the unitarity cutoff (just like the ST) for
describing the secondary, nonadiabatic contribution tothe
broadening, has zero or little practical importance.

The summary of the above results onthe Stark broadening
of hydrogenic lines in non-turbulent magnetic fusion
plasmasisthefollowing:
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1. Theanalytical results by Rosato et al [18], which

are based on the ST, are extremely inaccurate: they
dramatically overestimate the primary, adiabatic
contribution to the broadening — by up to two
orders of magnitude (!). Therefore, the analytical
results by Rosato et al [18] are practically useless
for diagnostics of magnetic fusion plasmas. At the
sametime, the corresponding resultsby the GT are
exact (within the semiclassical approach used by
both theories). They are equivaent to the summation
of all orders of the Dyson perturbation expansion,
whilethe ST resultsare limited to the second order
of the Dyson perturbation expansion.

. The nonadiabatic contribution to the broadening

is of a secondary importance because it is much
smaller than the adiabatic contribution for the
conditions of magnetic fusion plasmas. But even
with respect to this secondary contribution, Rosato
et al [18] significantly overestimate it — by several
times — for the overwhelming majority of hydrogen/
deuteriumlines. In distinction, the GT describesthe
nonadiabatic contribution much more accurately
becauseit does hot need engaging the unitarity cutoff
for the overwhelming mgj ority of hydrogeniclines.

. The finding, that the nonadiabatic contribution

significantly decreases with the increase of the
magneticfield, wasquite clear already in 1994: from
the results of Derevianko and Oks [11]
complemented by the results of Ispolatov and Oks
[12]. Therefore, the claim by Roszato et al that they
were the first to “discover” this effect in their paper
[18] published in 2009 iswithout merit.

. For the Lyman-alphaline, as an exception, the GT

might need to engage the unitarity cutoff while
describing the secondary, nonadi abatic contribution
to the broadening of hydrogenic lines —as first noted
in Oks-Derevianko-Ispolatov’s paper [13] in 1995.
However, the Lyman-alpha line has zero or little
practical importance for diagnostics of magnetic
fusion plasmas because additional broadening
mechanisms (opacity broadening and/or Doppler
broadening) would usually dominate over the Stark
broadening of thisline. Therefore, the fact that for
the Lyman-alphaline, asan exception, the GT might
need engaging the unitarity cutoff (just likethe ST)
for describing the secondary, nonadiabatic
contribution to the broadening, has zero or little
practical importance.
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5. Inview of the above, the attempts by Rosato and  [8] E. Oksand GV. Sholin, Sov. Phys. JETP, 41, (1975), 482.
his coworkers [19] to claim that the ST isjust & 9] £ Oksand GV. Sholin, Opt. Spectrosc., 42, (1977), 434.
accurate or even better than the GT for describing 101 EV. Lifshitz. Sov. Phvs. JETP. 26. (1968). 570
the Stark broadening of hydrogenic lines in non- [10] E.V. Lifshitz, Sov. Phys. + 26, (1968), 570.
turbulent magnetic fusion plasmas arefutile. [11] A. Derevianko and E. Oks, Phys. Rev. Lett., 73, (1994), 2079.

[12] Ya Ispolatov and E. Oks, J. Quant. Spectr. Rad. Transfer, 51,
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