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ABSTRACT: The energy eigenvalues of doubly excited metastable bound 2pnp (3Pe) (n = 2–8) states of highly stripped
ion Al11+ are estimated under weakly coupled plasma screening for the first time using an explicitly correlated Hylleraas-
type basis in the framework of the Rayleigh–Ritz variational principle. Resonance energies and widths of 3pnp (3Pe)
(n = 3–8) and 3dnd (3Pe) (n = 3–7) states of Al11+ below N=3 ionization threshold of Al12+ have also been evaluated for the
first time by using stabilization method. The Debye screening model has been employed to include the effect of weakly
coupled plasma background.

I. INTRODUCTION

The quantum mechanical description of the doubly excited states (DES) of two-electron atoms has become a subject
of extensive theoretical investigation in various disciplines like astrophysical data analysis [1], diagnosis of lines
observed in solar corona [2], high temperature discharges [3] and plasma diagnostics [4]. After the pioneering
experiment of Madden and Codling [5] on DES of helium, remarkable interest has been generated both experimentally
[6-17] as well as theoretically [18-30] in studying these DES of two-electron systems including highly stripped
ions. These states lie above the one-electron continuum and on the basis of stability, can be classified into two
general groups, as bound and resonance states, depending on the angular momentum coupling scheme and parity
conservation rule [19]. The exactly quantized DES can decay to the lower excited states through electronic dipole
interaction giving rise to sharp spectral lines and the other set of states exhibit non-radiative decay. They are found
to be very important in dielectronic recombination processes occurring in solar corona for maintaining its equilibrium,
guided mainly by the balance between various ionization and recombination processes and in high temperature
plasma diagnostics [31-33]. A large number of such states for highly stripped helium-like ions have been observed
in solar flare and corona [34, 35] and also by the YOHKOH satellite observations [31, 36, 37] on the upper solar
atmosphere. Strong spectral lines belonging to hydrogen and helium-like ions of aluminum, silicon, sulphur, argon
etc have been reported in different astrophysical observations [38, 39]. The astrophysical data of highly stripped
ions may also provide valuable diagnostics on the physical condition of the stellar wind [40].

In the present work, we have focused on studying the doubly excited (3Pe) states of helium-like aluminum
below N = 2 and 3 ionization thresholds of Al12+. In recent high resolution astrophysical observations with satellite-
borne X-ray telescopes (Chandra, XMM Newton and Suzaku), it has become possible to observe and study the so far
weak spectral features of aluminum in various astrophysical objects. Al is apparent in the highest signal-to-noise
Chandra grating spectra from active galaxies [41, 42], in the spectrum of the high mass X-ray binary Vela X-1 [43],
in the spectra of several active stars observed by XMM-Newton and Chandra gratings [44], in the black hole candidate
Cyg X-1 [45]. Spectral lines of different charge states of aluminum were detected with XMM Newton [46] in
various clusters of galaxies. The aluminum abundance in the hot interstellar medium of the elliptical galaxy NGC
4472 has been reported from the analysis of Suzaku and XMM Newton spectra [47]. From the high-resolution
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Chandra spectrum of the micro quasar GRO J1655-40, the abundances of odd-Z elements including aluminum have
been observed from K-line absorption spectra [48]. Schulz et al. [49] observed the prototype Z-source Cyg X-2
twice with Chandra at very high spectral resolution where strong emission lines of He-like Al was reported. The
coronal Al abundance of the eclipsing binary star AR Lacertae has been determined by Huenemoerder et al. [50]
where they have used the high-resolution H- and He-like spectra of Al recorded with the Chandra High Energy
Transmission Grating spectrograph. Moreover, spectral lines of hydrogen and helium-like Al have also been observed
in different laboratory plasma experiments [53-57]. In comparison to astrophysical data and laboratory measurements,
there are very few theoretical calculations [51, 52] available on helium-like Al. The radiative lifetimes of singly
excited states of He-like Al in astrophysical plasma conditions were reported by Kosarev et al. [51] where they used
density matrix formalism. In a recent work, Palmeri et al. [52] have reported radiative and Auger decay data and
other spectral properties for different charge states of Al including Al11+ but they have not reported any resonance
state of Al11+. Under such circumstances, we have made an attempt here to estimate the energy eigenvalues of
doubly excited meta-stable bound 2pnp (3Pe) (n = 2–8) states and resonance parameters i.e. position and widths of
3pnp (3Pe) (n = 3–8) and 3dnd (3Pe) (n = 3–7) resonance states of helium-like aluminum below N=3 ionization
threshold of Al12+ not only in free case but also in weakly coupled plasma background for the first time. It is
worthwhile to mention that the spectral properties of atoms and molecules under external plasma background are
greatly modified as compared to free systems due to the alteration of the effective potential felt by the charge-
distribution. The plasma coupling strength � is defined as the ratio of average Coulomb potential energy between
pairs of particles and their kinetic energy and for a weakly coupled plasma environment, the coupling parameter
��<< 1 which indicates high temperature and relatively low density of plasma components as well as the surrounding
environment available in astrophysical context. In the present scenario, theoretical study of the effect of plasma
on the DES of highly charged two-electron atoms is very limited [58, 59]. For the investigation under weakly
coupled plasma, we have used the Debye model [60] where screened Coulomb or Yukawa type potential is
considered to describe the particle interactions. The advantage of the Debye model [60] lies in the fact that the
screening constant is a function of temperature and plasma density and thus a variety of plasma conditions can be
simulated by varying the screening constant. In order to incorporate the electron-electron correlation effect, the
trial wave function is expanded in multi-exponent Hylleraas-type basis set. The meta-stable bound (3Pe) states
have been studied within the framework of the Rayleigh–Ritz variational principle whereas the resonance
parameters of the autoionizing (3Pe) states have been evaluated by using stabilization method [62]. We have also
calculated the energy values of hydrogen-like Al in 2p and 3s states in presence of Debye plasma in variational
method. A brief discussion on the methodology is given in Section II followed by a discussion on the results in
Section III.

II. THEORY

The modified non-relativistic Hamiltonian of two electron system in presence of an external plasma environment
can be represented by
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atomic charge cloud. Atomic units are used throughout. In case of weakly coupled plasma, the coulomb potential
can be well approximated by screened Coulomb potential [60],
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where, Z is the nuclear charge and µ is the Debye screening parameter.

If the screening by both ions and electrons is envisaged, then the expression for µ [60] would be,
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which is a function of temperature (T ) and number density (n) of the plasma electrons and the effective charge of
the ions in the surrounding plasma and is given by,
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In case of fully ionized plasma comprising a single nuclear species, Z
eff

 should be replaced by Z and if we
consider the screening by electron only, then we can set Z

eff
 = 0 in equation (3).

The two body potential for the weakly coupled plasma model is given by,
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The Debye screening length (D) is defined as the inverse of Debye screening parameter (µ). The smaller values
of D is associated with stronger screening.

For any triplet P state of even parity arising from two p-electrons, the variational equation [62] is given by,
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subject to the normalization condition,
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The symbols in equation (6) and (7) are the same meaning as of ref. [62]. The correlated wave function is given
by,
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where �’s are the non-linear parameters. In a multi-exponent basis set, if there are p number of non-linear parameters,

the number of terms in the radially correlated basis is 
� �1

2

�p p
 and therefore the dimension of the full basis (N)

including angular correlation will be 
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q , where q is the number of terms involving r

12
. For example, as
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we have used here nine non-linear parameters, the number of terms in the radially correlated basis is 45 and, with 10
terms involving different powers of r

12
, the dimension of the full basis (N) becomes 450. The ranges of l, m, n

considered here are 0 � l � 1, 0 � m � 1 and 0 � n � 8 respectively. In the present method we have taken the nine
different values of � in a geometrical sequence: �

i
 = �

i–1
 �, � being the geometrical ratio. A discussion on the choice

of specific number of non-linear parameters in the wavefunction is given by Saha et. al. [63]. The wavefunction can
be squeezed or can be made more diffuse by changing the geometrical ratio (�) keeping �

1
 constant throughout. To

have a preliminary guess about the initial and final nonlinear parameter � values of the sequence, we optimize the
energy eigenvalue of 3Pe states of Al11+ below N = 2 ionization threshold using Nelder-Mead procedure [64]. The
energy eigenroots are then obtained by solving the generalized eigenvalue equation,

�H C ESC (5)

where, H is the Hamiltonian matrix, S  is the overlap matrix and E’s are the energy eigenroots. For each Debye

screening parameter (µ), repeated diagonalization of the Hamiltonian matrix in the Hylleraas basis set of 450
parameters is done in the present work for 400 different values of � ranging from 0.41 a.u. to 0.77 a.u. The plot of each
energy eigenroot versus � produces the stabilization diagram. The density of resonance states is then calculated from
the stabilization diagram and by fitting with a Lorentzian profile we have estimated the parameters of a particular
resonance state. All calculations are carried out in quadruple precision to ensure a better numerical stability.

The energy eigenvalues of 2p and 3s states of the plasma embedded Al12+ have also been calculated by using
Ritz variational technique considering the wavefunction as,

exp( )� � ��� l
l

l

C r r (8)

Where, �’s are the nonlinear parameter and C’s are the linear variational coefficients. For He+(2p) state we have
considered 14 parameters basis set whereas for He+(3s) state we have taken 13 parameters in the basis set where l is
ranging from 0 to 5.

III. RESULTS AND DISCUSSION

For Debye length D = 50 a.u., a portion of the stabilization diagram for 3Pe states originating from two electrons of
Al11+ having same azimuthal quantum numbers is given in figure 1. In this diagram we have plotted first 40 eigen-
roots of 3Pe symmetry of Al11+ for 400 different values of � ranging from 0.41 a.u. to 0.77 a.u. From figure 1, it is
clear that there exist two classes of states:

1. Roots which are lying below N = 2 ionization threshold of Al12+, are insensitive with the variation in �. Thus
following the analysis given by Saha et. al. [65], these 3Pe states due to 2pnp configuration are metastable
bound i.e. stable against autoionization.

2. Roots lying above N = 2 but below N = 3 ionization threshold of Al12+ are sensitive with the variation in �
and gives rise to flat plateau in the vicinity of avoided crossings of the energy eigenroots for some particular
energy value which is a clear signature of 3Pe resonance states.

The present calculated bound state energy eigenvalues (–E) of 2pnp (3Pe) [n = 2–8] states of Al11+ as well as the
Al12+ (2p) energies for different Debye length ranging from � (Debye screening parameter µ = 0.0 a.u.) corresponding
to free case to 2 a.u. (Debye screening parameter µ = 0.5 a.u.) are given in Table 1. The variation of eigenvalues
(–E) of 2pnp (3Pe) [n = 2–8] states of Al11+ as well as the Al12+ (2p) energies with Debye screening parameter (µ) is
illustrated in Figure 2(a) and those with Debye length (D) is given in Figure 2(b). An increase of the Debye screening
parameter (µ) or decrease in Debye length (D) gradually destabilizes the helium-like aluminum by pushing the
energy levels towards continuum and ultimately ionizing it as is evident from the figure 1 as well the values quoted
in Table 1. It is also evident that for higher excited states this destabilization occurs at a lower value of screening
parameter.
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Figure 1: Stabilization diagram for 3Pe states of Al11+ in Debye plasma of D = 50 a.u.

Figure 2: The variation of the bound 2pnp (n=2-7) (3Pe) state energies of Al11+ along with Al12+ (2p) energies vs. different
Debye screening parameter (µ) is given in (a) and that with Debye length (D) is given in (b)
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Enlarged view of the stabilization diagram (given in figure 1) for 3Pe state of Al11+ in the energy range -20 a.u. to
-10 a.u. is given in figure 3. The 3Pe state of Al11+ below N=3 ionization threshold of Al12+ can arise due to 3pnp and
3dmd (n, m � 3) configurations. It is worthwhile to mention that Ho and Bhatia [24] and Saha and Mukherjee [66]
quoted that the odd number of states i.e. 3Pe (1), 3Pe (3), 3Pe (5)… etc below N = 3 hydrogenic threshold are due to
3pnp configuration whereas the even number of states i.e. 3Pe (2), 3Pe (4), 3Pe (6)… etc are due to 3dmd configuration.
It is clear from figure-3 that consecutive two states due to 3pnp and 3dmd configurations (n, m � 3) with n = m i.e.
3p2 and 3d2, 3p4p and 3d4d… etc. are appearing as a ‘pair’ of 3Pe states. Such type of paring was also evident from

Table 1
Energy Eigenvalues of Doubly Excited Metastable bound 2pnp (3Pe) [n = 2-8] states of Al11+ for different

Debye Screening Parameters

-E (in a.u.)

D 2p2 2p3p 2p4p 2p5p 2p6p 2p7p 2p8p Al12+(2p)

� 40.156 443 29.297 506 25.700 869 24.044 136 23.147 689 22.608 682 22.259 576 21.125 000

50 39.658 380 28.800 920 25.206 317 23.552 172 22.658 838 22.123 440 21.778 408 20.865 997

20 38.918 498 28.068 647 24.484 342 22.843 004 21.964 675 21.446 171 21.119 616 20.481 203

10 37.704 307 26.880 829 23.331 234 21.731 664 20.900 523 20.433 131 20.160 260 19.849 629

5 35.345 189 24.621 741 21.197 969 19.742 393 19.065 459 18.755 773 18.638 042 18.622 129

4 34.199 343 23.547 629 20.210 904 18.851 144 18.272 519 18.058 276 18.025 733

3 32.338 096 21.835 335 18.674 059 17.501 331 17.107 408 17.056 707

2 28.791 278 18.685 943 15.247 773 15.209 105

Figure 3: Enlarged view of the stabilization diagram for 3Pe states of Al11+ below N=3 ionization threshold of Al12+ in
Debye plasma of D= 50 a.u. in the energy range -20 a.u. to -10 a.u.
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the calculations of resonance parameters of 3Pe states of helium below N = 3 ionization threshold of He+ due to Saha
and Mukherjee [66] as well from the estimation of resonance parameters of 1Se states of two-electron atoms
(Z=3-8) below N = 2 hydrogenic threshold due to Saha et al. [28]. From a closer look at figure 3, we can see that for
a short range of � each eigenroot between N = 2 and N = 3 ionization thresholds of Al12+ becomes almost flat in the
vicinity of avoided crossings in the neighborhood of a particular resonance state. The density of states �(E) is
calculated by evaluating the inverse of the slope at a number of points near the flat plateau of each energy eigenroot
using the formula [66, 67] given by:

� � � � � � � �

1 1

1 1

� �

� � � �

� � �
� �

� � �
n i i

i i
n

n i n i E E

E
E E (6)

The calculated density of resonance states �
n
(E) is then fitted to the following Lorentzian form [66, 67]:

� �
� � � �0 22

2

2

�
� � �
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n

r

A
E y

E E
(7)

where, y
0
 is the baseline background, A is the total area under the curve from the baseline, E

r
 gives the position

of the centre of the peak of the curve and � represents the full width of the peak of the curve at half
height. Among different fitting curves for each eigenroot corresponding to a particular resonance state, the
fitting curve with least �2 and the square of correlation closer to unity leads to the desired resonance energy
(E

r
) and width (�) as mentioned in ref. [66]. The evaluation of density of states following the fitting procedure

is being repeated for each value of the Debye screening parameter (µ). For example, the calculated density
and the corresponding fitted Lorentzian for the 3d2 (3Pe ) resonance state of Al11+ below Al12+ (3s) for
Debye length D = 50 a.u. is given in figure 4 which yields resonance position E

r
 at -17.12642 a.u. and width

��= 7.88 (10-5) a.u.

A similar stabilization diagram for 3Pe state of Al11+ embedded in plasma of Debye length D = 3 a.u. is displayed
in Figure 5. It is to be noted from figure 5 that the number of bound 2pnp (3Pe) states below Al12+ (2p) and
the number of 3Pe resonance states below Al12+ (3s) are lesser than the number of those states of plasma embedded
Al11+ for D = 50 a.u. as given in figure 1. The calculated density and the corresponding fitted Lorentzian for the 3p2

(3Pe ) resonance state of Al11+ below Al12+ (3s) for Debye length D = 3 a.u. is given in figure 6 which yields resonance
position E

r
 at –10.85699 a.u. and width � = 0.00057071 a.u. The calculated resonance parameters of 3Pe states due

to 3pnp [n = 3-8] and those due to 3dmd [m = 3-7] configuration of Al11+ along with Al12+ (3s) energies are given in
table 2 and table 3 respectively. To see the variation of resonance parameters with increasing plasma strength, we
have plotted the resonance energies of 3pnp [n=3-8] 3Pe states as a function of Debye parameter (µ) and Debye
length (D) in figure 7(a) and 7(b) respectively while the resonance energies of 3dnd [n=3-7] 3Pe states are displayed
as a function of Debye parameter (µ) and Debye length (D) in figure 8(a) and 8(b) respectively. Gradual approach
of all the 3Pe resonance states toward the continuum (figure 7 and figure 8) with the increase in plasma screening
parameter suggests that the system becomes less and less stable as we move towards stronger screening region.
Similarly we have plotted the autoionization width of 3pnp [n=3-8] 3Pe states as a function of Debye parameter (µ)
and Debye length (D) in figure 9(a) and 9(b) respectively while the width of 3dnd [n=3-7] 3Pe states are displayed
as a function of Debye parameter (µ) and Debye length (D) in figure 10(a) and 10(b) respectively. It is evident from
figure 9 and figure 10 that the width of 3pnp [n=3-8] 3Pe resonance state gradually decreases with increase in Debye
parameter (µ) while the width of 3dmd [m=3-7] 3Pe resonance state increases monotonically with increase in Debye
parameter (µ). Such type of variation of width of 3pnp [n=3-6] and 3dmd [m=3-5] 3Pe states of plasma embedded
helium was noted earlier by Kar and Ho [68]. Thus it is remarkable to note that the width of the resonance states of
a particular symmetry arising from different configurations behaves differently with the variation of plasma screening
parameter.
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Figure 4: Calculated density (squares) and the fitted Lorentzian (solid line in red) for the 3d2 (3Pe) resonance state
[E

r
= -17.12642 a.u. and  = 7.88 (-5) a.u.] of Al11+ under Debye plasma of D = 50 a.u.

Figure 5: Stabilization diagram for 3Pe states of Al11+ in Debye plasma of D = 3 a.u.
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Figure 6: Calculated density (squares) and the fitted Lorentzian (solid line in red) for the 3p2 (3Pe) resonance state
[E

r
= –10.85699 a.u. and  = 0.0057071 a.u.] of Al11+ under Debye plasma of D = 3 a.u.

Figure 7: The variation of the resonance 3pnp (n=3-8) (3Pe) state energies of Al11+ along with Al12+ (3s) energies vs. different
Debye screening parameter (µ) is given in (a) and that with Debye length (D) is given in (b)
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Figure 8: The variation of the resonance 3dnd (n=3-7) (3Pe) state energies of Al11+ along with Al12+ (3s) energies vs. different
Debye screening parameter (µ) is given in (a) and that with Debye length (D) is given in (b)

Figure 9: The variation of width of the resonance 3pnp (n=3-8) (3Pe) states of Al11+ vs. different Debye screening
parameter (µ) is given in (a) and that with Debye length (D) is given in (b)
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Figure 10: The variation of width of the resonance 3dnd (n = 3-7) (3Pe) states of Al11+ vs. different Debye screening
parameter (µ) is given in (a) and that with Debye length (D) is given in (b)

IV. CONCLUSION

Metastable bound and resonance states of highly stripped atoms embedded in weakly coupled plasma can be studied
effectively by using Ritz-variational method and Stabilization method respectively with explicitly correlated Hylleraas
basis sets. Our calculations on the energy levels of plasma embedded helium-like aluminum yields very consistent
and accurate atomic data. It is evident that the overall behavior of resonance parameters of all 3Pe states as a
function of plasma screening follows similar patterns for all the excited states which establish the general consistency
of the reported values. The methodology employed in the present work can be extended to study the effect of
plasma on other two electron atoms for which relativistic correction is not so high. We hope that our findings will
help the future workers in the field of atomic physics, plasma physics and astrophysical data analysis.
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