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ABSTRACT: In 2014, Kielkopf and Allard (KA) performed a benchmark experiment where they measured the Full
Width at Half Maximum (FWHM) of the H_ line at the electron densities N_ by two orders of magnitude greater than
the corresponding previous benchmark experiments, namely up to N, = 1.4 x 1029 cm™. No theoretical calculations
of the FWHM of the H_, line existed in this range of N_. In the present paper we present an analytical theory adequate
for the range of the electron densities reached in KA experiment. In this range of N, a new factor becomes significant:
a rising contribution of the Electrostatic Plasma Turbulence (EPT) at the thermal level of its energy density. After
taking into account this contribution, which turns out to be comparable to the corresponding contribution by electron
and ion microfields in this range of N, our theoretical FWHM of the H_ line becomes in a very good agreement with
the experimental FWHM of the H_ line by KA in the entire range of their electron densities. We also extrapolate the
FWHM of the H_ line from the Gigosos-Cardenoso tables, which were produced by the most advanced simulations,
but without allowing for the thermal EPT: this leads to the underestimation of the experimental FWHM by up to
25%. Stark profiles and the FWHM of other hydrogen spectral lines can also be calculated by the present theory.

PACS numbers: 32.70.Jz, 32, 60.+i, 52.35.Fp, 52.70.Kz

1. INTRODUCTION

Benchmark experiments (i.e., experiments where plasma parameters were measured independently of the Stark
broadening) played a very important role in experimental and theoretical studies of the Stark Broadening of
Hydrogen Spectral Lines (SBHSL) in plasmas. As a new benchmark experiment was performed at some novel
plasma source at the range of the electron densities N higher than for the previous benchmark experiment performed
at a different plasma source, often discrepancies were found with existing theories. So, benchmark experiments
stimulated developing more advanced theories — the theories allowing for various high-density effects. There is a
very large amount of literature on this subject. Here we refer only to books [1, 2] and a review [3] published in the
last 10 years, and references in these publications.

The most recent benchmark experiment by Kielkopf and Allard (hereafter, KA) [4], where the SBHSL was
tested using the H , line, was performed in a laser-produced pure-hydrogen plasma reaching N_ = 1.4x 102 cm3. This
exceeded by two orders of magnitude the highest values of N ~ (3 — 4)x 10'® ¢cm™ reached by the corresponding
previous benchmark experiments: by Kunze group (Biischer et al [5]) at the gas-liner pinch® and by Vitel group
(Flih et al [6]) at the flash tube plasma.

* In the earlier experiment at the gas-liner pinch (Boddeker et al [7]), the densities up to N, ~ 109 cm™ had been reached. However,
the experiment by Boddeker et al [7] had deficiencies, which were addressed and eliminated in the experiment by Biischer et al [5].
In distinction to the former experiment, in the latter one: a) the spectroscopic measurements were performed simultaneously with the
diagnostics; b) highly reproducible discharge condition was used where the H,, line was measured spatially resolved along the discharge
axis indicating that no inhomogeneities along the axis existed; c) high care has been taken to prevent the optical thickness.
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No theoretical calculations of the Full Width at Half Maximum (FWHM) of the H,, line existed at the electron
densities reached in KA experiment [4]. Indeed, the highest value of N in the tables of FWHM of the H line
by Gigosos and Cardenoso [8], produced by fully-numerical simulations, was 4.64x10'% ¢cm3(their simulations
are considered by the research community as the most advanced). In frames so-called standard (or conventional)
analytical theory, Kepple and Griem [9] calculated the FWHM of the H_ line up to N_ = 10! ¢cm3, because at higher
values of N, the standard theory becomes invalid. (The primary distinction between the standard analytical theory
[9] and Gigosos-Cardenoso simulations [8] is that the latter allowed for the ion dynamics in distinction to the former;
however, the role of the ion dynamics diminishes as N increases and becomes practically insignificant at values of
N, ~ 10! ¢cm and higher.) All other simulations and analytical methods, reviews of which can be found, e.g., in
book [1] and paper [3], listed the FWHM of the H  line either up to N ~ 4% 10'® cm™ or lower.

Therefore, in the present paper we develop an analytical theory that is adequate for the range of the electron
densities reached in KA experiment [4]. At this range of N, a new factor becomes significant for the SBHSL — the
factor never taken into account in any previous simulations or analytical theories of the SBHSL. This new factor is
a rising contribution of the Electrostatic Plasma Turbulence (EPT) at the thermal level of its energy density.

The EPT at any level of its energy density is represented by oscillatory electric fields F, arising when the waves
of the separation of charges propagate through plasmas: they correspond to collective degrees of freedom in plasmas
— in distinction to the electron and ion microfields that correspond to individual degrees of freedom of charged
particles. In relatively low density plasmas, various kinds of the EPT at the supra-thermal levels of its energy density,
specifically at the levels several orders of magnitude higher than the thermal level, were discovered experimentally
via the enhanced (“anomalous”) SBHSL in numerous experiments performed by different groups at various plasma
sources [10-23], some of these experiments being summarized in book [24].

As for the EPT at the thermal level of its energy density (hereafter, “thermal EPT”), their contribution to the
SBHSL in relatively low density plasmas is by several orders of magnitude smaller than the contribution of the
electron and ion microfields, so that their effect was negligibly small and therefore never detected spectroscopically.
However, at the range of the electron densities reached in KA experiment [4], the contribution to the SBHSL from
the thermal EPT becomes comparable to the contribution of the electron and ion microfields.

In the present paper we take into account the contribution to the SBHSL from the thermal EPT. As a result, the
theoretical FWHM of the H_, line becomes in a very good agreement with the experimental FWHM of the H  line
by KA [4] in the entire range of their electron densities, including the highest electron density N_ = 1.4x 1020 cm™3.
We also show that the extrapolation of the FWHM of the H, line from the Gigosos-Cardenoso tables [8], which
were produced by the most advanced simulations, leads to the underestimation of the experimental FWHM at N, =

1.4x10%0 cm by 25%.

2. THEORY AND THE COMPARISON WITH THE EXPERIMENT

According to Bohm and Pines [25[, the number of collective degrees of freedom in a unit volume of a plasma is
Neon = l/(6n2rD3), where 1y, is the Debye radius. Therefore the energy density of the oscillatory electric fields at the
thermal level is F%/(8m) = N, T/2, so that

th _ 167‘51/263Ne3/2/(3T1/2), (1)

coll

where T is the temperature and e is the electron charge.

At the absence of a magnetic field, there are only two types of the EPT: Langmuir waves/turbulence and ion
acoustic waves/turbulence (a.k.a. ionic sound). Langmuir waves are the high-frequency branch of the EPT. Its
frequency is approximately the plasma electron frequency

®, = (4me?N /m )12 = 5.64x 104N 2 (2)
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Ion acoustic waves are the low-frequency branch of the EPT. They are represented by a broadband oscillatory electric
field, whose frequency spectrum is below or of the order of the ion plasma frequency

®,; = (4ne*N,Z%/ m,)!"? = 1.32x10° Z(Nym,/ my""2, (3)

where N; is the ion density, Z is the charge state; m,, m, and m, are the electron, proton and ion masses, respectively.
In the “practical” parts of Egs. (2) and (3), CGS units are used. Below we set Z = 1, so that N; = N_..

The thermal energy density of the collective degrees of freedom F tz/(8n) =N
between the high- and low-frequency branches:

F2=E,2>=F2/2, (4)

T/2 is distributed in equal parts

coll

where F and E,, are the root-mean-square (rms) thermal electric fields of the ion acoustic turbulence and the
Langmuir turbulence, respectively.

Let us first discuss the contribution of the thermal ion acoustic turbulence to the SBHSL. It is useful to begin
by estimating a ratio of the rms thermal electric field F, of the ion acoustic turbulence to the standard characteristic
value Fy; of the ion microfield, where

Fy = 2m(4/15)*3eN 2% =2.603 eN >3 =3.751x10"7 [N (cm)]** V/em (5)
Using Egs. (1), (4), (5), we obtain:
Fy/Fy = 0.1689 N_V12/[T(K)]"4, (6)

where the temperature T is in Kelvin. At the highest density point of KA experiment [4] (N, = 1.39x10% cm™, T
= 34486 K), Eq. (6) yields F/Fy = 0.59. This shows that in the conditions of KA experiment [4], the rms thermal
electric field of the ion acoustic turbulence becomes comparable to the standard ion microfield.

In a broad range of plasma parameters, especially at the range of densities of KA experiment [4], radiating
hydrogen atoms perceive oscillatory electric fields of the ion acoustic turbulence as quasistatic. In any code designed
for calculating shapes of spectral lines from plasmas, an important task becomes the averaging over the ensemble
distribution W(F) of the fotal quasistatic field F = F, + F,, where F; is the quasistatic part of the ion microfiled (for
the range of densities of KA [4] almost the entire ion microfiled is quasistatic). In other words, the key part of the
problem becomes the calculation of W(F).

The distribution of a low-frequency turbulent field was derived in paper [26]. In the isotropic case it can be
represented in the following form

W (a, x)dx = 3[6/m]'2a3 x Zexp(— 3a% x 2/2)]dx, (7)
where
x =F/Fy,a=F/Fy. (8)

The total quasistatic field F results from the vector summation of the two statistically independent contributions: F
= F, + F,. The justification of this has been given in papers by Ecker and Fisher [27] and Spatscheck [28]. Therefore
the distribution W(F/Fy) of the total field is a convolution of the distribution W (F/Fy) of the turbulent field with
the distribution W,(F;/Fy) of the ion microfield:

W(R)dB = [ [ dxdu W,(w)W(x)3(B — B,)]dB, B = F/Fy, x = F,/Fy, u=F/Fy. 9)
Here

B, =[x+ u = (x2 4+ u2 - 2ux cosf)2, (10)
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where 6 is the angle between vectors u and x. Using the properties of the §-function, Eq. (9) has been simplified in
paper [26] as follows:

W(a, ) = [3/(2m)"2] ap | du{exp[-3a%(B — u)’] — exp[-3a2(B + u)*]} W,(u)/u. (11)

For the distribution of the quasistatic part of the ion microfield W;(u) in Eq. (12) we use here the APEX distribution
[29].

Now let us discuss the contribution of the thermal Langmuir turbulence to the SBHSL. The Langmuir
turbulence, being the high-frequency one, causes a dynamical SBHSL — similar to the dynamical SBHSL by the
electron microfield. In paper [30] there was derived analytically the Langmuir-turbulence-caused contribution
(additional to the electron microfield contribution) to the real part I' = — Re @ of the dynamical broadening operator
®. In particular, diagonal elements of I" have the form

Typ =T, + T —d,, dgg Eg™/30°(v,” + o, )], (12)
where

T =E,2y,/(1209)](2d, 207, o0, D) +( by o4 o P, 2Hop0,00) + U oo, )], (13)

The formula for g entering Eq. (12) can be obtained from Eqgs. (13) by substituting the subscript a by . Here o and
B label Stark sublevels of the upper (a) and lower (b) levels involved in the radiative transition, respectively; oy =
3n hF/(2m e) is the separation between the Stark sublevels caused by the total quasistatic electric field F; the matrix
elements of the dipole moment operator are

daaz :[3eaonaqa/(2)]2, ‘ da, a—1|2_ | da, a+1|2 :daaz/qa’ | da, a—1‘2+| da, a+1|2) :daa2(n2_q2_m2_1)a/(2qa2)’ (14)

where a, is the Bohr radius, n is the principal quantum number, q = n; — n, is the electric quantum number; n|, n,
and m are the parabolic quantum numbers. In Eq. (14) in the subscripts we used the notation a+1 and o—1 for the
Stark sublevels of the energies +hoy and —hoy, respectively (compared to the energy of the sublevel ).

The quantity Vp in Egs. (12), (13) is the sum of the characteristic frequencies of the following processes in
plasmas: the electron-ion collision rate y,; and the average Landau damping rate y; (see, €, g, [31]), as well as the
characteristic frequency v, , of the nonlinear mechanism of the induced scattering of Langmuir plasmons on ions
(see, e.g., [32]):

Yp = Yei VYL T Ying: (15)
The frequency Yp controls the width of the power spectrum of the Langmuir turbulence.

At the highest density point of KA experiment [4] (N, = 1.39x10%° cm™3, T = 34486 K), the ratio of the
thermal-Langmuir-turbulence-caused contribution to the dynamical Stark width of the H_ line to the corresponding
contribution by the ion microfield reaches the value ~ 0.1.

We calculated Stark profiles of the H  line with the allowance for the above two effects of the thermal EPT.
We used the formalism of the core generalized theory of the SBHSL [33, 1] modified according to [34] to allow for
incomplete collisions’.

The core generalized theory is based on using atomic states dressed by a broad-band field of plasma electrons
and ions. These generalized dressed atomic states is a more complicated concept than the usual dressed atomic states,
where the dressing was due to a monochromatic field (such as, e.g., a laser field).

+ While some later additions to the generalized theory, such as, e.g., the effect of the acceleration of perturbing electrons by the ion field,
caused a difference of opinions in the literature, in the rigorous analytical results of the core generalized theory there was never found any
flaw.
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The employment of the generalized dressed atomic allowed to describe analytically a coupling of the electron
and ion microfields facilitated by the radiating atom. The coupling increases with the principal quantum number n
and with the electron density N_. Besides, it increases as the temperature T decreases.

In the present paper we modified the formalism of the generalized theory from [34] to allow for the thermal
EPT. Namely, we used the distribution of the total quasistatic microfield given by Eq. (11), thus allowing for the
low-frequency thermal EPT, and also added the contribution of the high-frequency thermal EPT to the dynamical
broadening operator @.

Figure 1 shows the comparison of the FWHM of the H, line from KA experiment [4] (dots) with the
corresponding FWHM yielded by our present analytical theory (solid line). It is seen that the agreement is very good.
Even at the highest density point of KA experiment [4] (N, = 1.39x10?° cm, T = 34486 K), our theoretical FWHM
differs by just 4.5% from the most probable experimental value and is well within the experimental error margin.
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Fig. 1. Comparison of the FWHM of the H_ line from Kielkopf-Allard experiment [4] (dots) with the corresponding
FWHM yielded by our present analytical theory (solid line) and by Gigosos-Cardenoso simulations [8] (dashed line).

Figure 1 shows also the FWHM obtained by extrapolating the corresponding theoretical data from
Gigosos-Cardenoso tables [8] (dashed line). It is seen that Gigosos-Cardenoso FWHM is significantly below the
corresponding experimental FWHM at the electron densities higher than 2x10'? cm™. In particular, at the highest
density point of KA experiment [4] (N, = 1.39x10?° cm™, T = 34486 K), Gigosos-Cardenoso FWHM underestimates
the experimental FWHM by 25%, which is beyond the experimental error margin almost by a factor of two. This
is no wonder: while their simulations were the most advanced (at the absence of the EPT), they did not take into
account the effects of the thermal EPT, which become more and more important as the plasma becomes more
strongly coupled.
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3. CONCLUSIONS

We took into account the contribution to the Stark broadening from the thermal electrostatic plasma turbulence. We
showed that this contribution becomes comparable to the corresponding contribution by electron and ion microfields
at this range of electron density.

As a result, the theoretical FWHM of the H,, line became in a very good agreement with the experimental
FWHM of the H line by Kielkopf-Allard [4] in the entire range of their electron densities, including the highest
electron density N, = 1.4x10%° cm™3. We also showed that the extrapolation of the FWHM of the H, line from the
Gigosos-Cardenoso tables [8], which were produced by the most advanced simulations, but without allowing for
the thermal electrostatic plasma turbulence, led to the underestimation of the experimental FWHM by up to 25%.

The present theory can be also used for calculating Stark profiles and the FWHM of other hydrogen spectral
lines.
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