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ABSTRACT: A time-dependent close-coupling method in spherical polar coordinates is developed to calculate the
electron-impact double ionization of the H, molecule. The full wavefunction is represented by an expansion in products
of six-dimensional radial-angular numerical functions and analytic rotational functions. A test calculation finds good
agreement between the new method and a previous frozen core method for the single ionization of H, for theM =1,=0
partial wave and an impact energy of 100.0 eV. A test calculation is also made for the double ionization of H, for the
same partial wave and impact energy.

I. INTRODUCTION

A time-dependent close-coupling (TDCC) method was originally developed to calculate the eectron-impact single
ionization of H7 [1]. The full wavefunction was represented by an expansion in products of four-dimensional radial-
angular numerical functions and analytic rotational functions. When the close-coupling results for low angular
momentum are combined with distorted-wave results for high angular momentum, the total cross section was found
to be in excellent agreement with experiment [2]. A frozen-core TDCC method was then used to calculate the
electron-impact single ionization of H, [3]. The total cross section was again found to be in excellent agreement
with experiment [4]. The frozen core TDCC method has also been used to calculate the electron-impact single
ionization of Li, [5].

In this article we develop a time-dependent close-coupling method to calculate the eectron-impact double
ionization of H,. We note that a TDCC method for atoms has been previously applied to calculate the eectron-
impact doubleionization of He[6], [7], Mg [8], Be[9], and B*[10]. For H, the full wavefunction is represented by an
expansion in products of six-dimensiona radial-angular numerical functions and analytic rotational functions. Test
calculations are made on a rdatively small numerical lattice for one partia wave and one incident energy. Details of
the TDCC method of H, are presented in Section 11, test calculations are presented in Section 111, and a brief summary
of future plans is given in Section V. Unless otherwise stated, all quantities are given in atomic units.

Il. THEORY

A. Rédaxation to the Ground State

The six-dimensional wavefunctiong© for the ground state of H, is obtained by relaxation of the time-dependent
Schrodinger equation in imaginary time (t):

1 -
YO(F,F,, 1),
|I7i—l72| (1 2 ) @

5‘1’0( 211) Z( V2+V(r))‘PO( T, T) +
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whereV (') isasingle particleinteraction with thetarget nuclei. Thewavefunction g ° isrepresented by an expansion

in simple products of four-dimensional radial-angular functions Ismmz (r,,6,,1,,6,,7) and rotational functions:

(r,,6,,r,,6,,17)

PO(F,, 1y 1) = ZZ “M\/ﬁ D, (4,) P, (), )

gm
where®,,(9) = E andm, +m, = 0. Theangular reduction of thetime-dependent Schrodinger equation inimaginary

time yidds a set of close-coupling equations given by:
OBy, (11,0,,15,6,,7)

ot
=ZTm (r,6,) Py, (1.0,,1,,6,,7)

®3)
+Z“Zvnﬁl"mz°rrlrrb 0,,1,,0,) P, (11,6,,1,,6,,7).
The single particle operator in the close-coupling equations is given by:
T, (6.6,) =K(r)+K(r,6,)+ A (r,6,)+ N(r,,6)), (4)
where K(r) and K(r, 0) are kinetic energy operators [1]. The axial angular momentum operator is given by:
m2
r0)=———.
The nuclear interaction operator for H, is given by:
N(r,0)=- 1 - 1 ,
» 1., 2 1, (6)
r +ZR —rRcos6 r +ZR +rRcos6

where R is the internuclear separation, which is aligned along the z axis. The two particle operator in the close-
coupling equations is given by:

mm, mym z e Z& :qll; plal (COSO)P'qI(COSO )
. (7)

<(m.m)M €% (nf,m )M >,
where P (cosh) is an associated Legendre function.
At time t = 0O theradial-angular functions are given by:
lsrqm2 (1,0,,1,,0,,7) = By (1,,6,) Plso(r2’62)6ml,06rnz,0’ (8)

where the radial-angular orbital, P, (r, ), is obtained by matrix diagonalization of the Hamiltonian, T_=0 (r, 6).
Upon relaxation in imaginary time of Eq.(3), an accurate wavefunction for the ground state of H, is obtained.
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B. Propagation of the Scattering State

The nine-dimensional wave function ¥ for eectron ionization of the ground state of H, is obtained by solving the
time-dependent Schrodinger equation:

o™ ( 213,0 z( Zv? +V(r))‘P (5T t) + 2 ———¥" (L1, 1). (9)

i< I" |
The wavefunction WM for a given M symmetry is represented by an expansion in simple products of six-
dimensional radial-angular functions mlmm( ,0,,1,,0,,1,,0,,t) and rotational functions:
(I’l,el,l’z,ez,l’3,63,t)
M (7, Ty, T, ) = i
(o) %% o IT,1,./sinG, \/sin0, \/sin6,
X @ (01) P, (02) P, (95), (10)

where M = m, + m, + m,. The angular reduction of the time-dependent Schrodinger equation yields a set of time-
dependent close-coupling equations given by:

a P”'\l/lmz”b ( ’el1r21921r3,63,t)
ot

_ZT (rl’e) mlmzmj( ’el’r2’62’r37637t)

+sznlrnbmimé (rl’el’rZ’GZ)Pnl\l{lnémg(rl’evrz’ez’rsagsvt)
mom

+ZZ m ms, m; (r,0,,15,65) rmmznh(l’elirzvemryes’t)

+ZZ m, Mg, My Mg (r2’92’r3793) mymp Mg ( l’el’r2’927r37637t)' (11)
At timet = O the radial-angular functions are given by:

rlievrz’ez’rs’es’t—o)
=3 > Py (6,0,,1,,0,,T > 0)x G (1,0,)3,, - (12)
m m

”hmzms(

The Gaussian wavepacket is given by:

—(r-a)?
2w?
G (1,0) = S €407 _[or6n0Y,,, (6,6=0), 13)
(V\'27T)4

where a is the localization radius, w is the packet width, | is the incident angular momentum, and the incident

energy equals k?/2.

Following propagation in real time of Eq. (11), momentum space amplitudes are calculated using:
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Azmzl3m3 (kZ’k )

[ a0, [ o0, ] e 0,
X H;O(rl’el)lsl;lzmz (r2’62)|5l<;l3rr13 (I’3,93)

P (11,0,,15,0,,15,0,,t = 00), 14

A?Amlbms (ki’ k3)

=j:drlj:delj:dr2j:dezj: drsj:dGS
x By (1,60,) Bl (1,,0,) B, (15,05)

P (11,0,,15,0,,15,0,,t = 00), 15)

A?/Irqlzm2 (kl’ kl)

kol e fonfafon
kI rq( e1) Pk I, my (r2’e ) 1s0 (r3793)

P (1,0,,15,0,,15,0,,t = 00), 16)

32Amllzmzl3rrb (kl’ k2’ ks)

[0, o o, [ o,
XBlm (000 Ry, (1,0,) By (1,65)

P (11,0,,15,0,,15,0,,t — 00), an

wheretheradial-angular orbitals, P, (r, 6), are obtained by matrix diagonalization of the Hamiltonian, T_(r, 0). In

kim

addition, the radial-angular orbitals, B, (r,0), are obtained by matrix diagonalization of the

Hamiltonian, T, (r,0) +V,s(r,6), whereV  (r, 0) is the Hartree-Slater potential [3].

C. Cross Sections
The total single ionization cross section leaving H; in the ground state is given by:

222;:;;] dk [ ok, (K,k)r. a8)
The total double ionization cross section is given by:
G, = Z@ZZZZZZJ‘ dki,[ dkj dKs | By i mtam, kikz’kS‘ (19)
lo limy lomy, Igmy
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The energy differential double ionization cross section is given by:

do, % o "
dOLc:jB =2LK§ZZZZZZ .[o dkl.[o dk, .[o dk,

M o lhmy lmy, Igmy

XS(oc—arctan%jé{B—arctanﬁJ

(20)

X

i Ky k)|
Blmllzngms (k11 2 3)‘ ’

where o is an angle in the (k, k,) hyperspherical plane and B is an angle in the plane perpendicular to the (k, k)
hyperspherical plane, both defined from O to ©/2. The energy and angle differential double ionization cross section
is given by:

do,
dodBd<, dQ, dQ,
T 0 0 0
=2_k§2 0 dkiJ.o dkzjo dks

k, ks v
x08| o —arctan—= (8| f—arctan ——— |x | 1Y (Be, 0e)
( li { 1/k12+k22J %:lzol

393D N BT U P O S
lamy 1 my 3my
X (K)o, ()Y, ()3 P 1)

where the incoming electron beam is oriented at angles (6, ¢,) with respect to the z axis, Y, (0, ¢) is a spherical
harmonic, and o, is the Coulomb phase shift.

I11.RESULTS

Asa simple numerical test of the theory, we use aradial-angular grid of Ar, = 0.40 with N =72 and A6, = 0.125n
with N, = 8. Theinternuclear separation is R=1.4.

Bound and continuum radial-angular orbitals for H, are found upon matrix diagonalization of T_(r, 0). For

m = 0 we obtained 29 bound states, beginning with P, (r, 0) at -35.8 eV, and 230 continuum states ranging from
0.06 eV to 148.9 eV. For m = 1 we obtained 23 bound states, beginning with Py (r, 6) at -12.5 eV, and 229
continuum states ranging from 0.09 eV to 147.3 eV.

Bound and continuum radial-angular orbitals for H, are found upon matrix diagonalization of T_(r, 0) + V¢

(r, ©). For m= 0 we obtained 16 bound states, beginning with B_,(r,0) at -15.4 €V, and 241 continuum states

ranging from 0.03 eV to 149.9 eV. For m= 1 we obtained 10 bound states, beginning with I52p1(r,6) at -3.8 eV, and

240 continuum states ranging from 0.05 eV to 147.5 eV. The choice of the parameter o in the local exchange
potential allows adjustment of the 1s0 binding energy to be near the experimental value.

For relaxation to the ground state, we use a numerical lattice of (72x8)? points partitioned over 324 paralle
computer cores and the 3 coupled channds found in Table |. At time T = O the radial-angular functions of Eq.(8)
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yield an energy of -49.3 eV. Following 1000 time steps at At = 0.01 the radial-angular functions of Eq.(3) yied an
energy of -52.5 eV.

For propagation of the scattering state, we use a numerical lattice of (72x8)° points partitioned over 5832
parallel computer cores and the 7 coupled channelsfound in Tablell. At timet = O we choose a Gaussian wavepacket
of Eq. (13) with alocalization radius a = 14.4, a packet width o = 3.6, an incident angular momentum| =0, and an
incident energy of E, = 100.0 eV. Following 1500 time steps at At = 0.01 the radial angular functions of Eq. (11) are
used to calculate the 3 x (481)? momentum space amplitudes of Egs.(14)-(16) and the (459)° momentum space
amplitudes of Eq. (17).

The total single ionization cross section leaving H, in the ground state from Eq. (18) is found to be 2.25

Mbarnsfor M =1, =0 at 100.0 eV incident energy. The total double ionization cross section from Eq.(19) is found
to be 29.5 Kbarns for M =1, =0 at 100.0 eV incident energy.

To check our total singleionization cross section, we carried out frozen-core TDCC calculations[3], as outlined
in the Appendix. The initial state is the bound radial-angular orbital P lso(r 0) at -15.4 eV. For propagation of the
scattering state, we use a numerical lattice of (72x8)? points partitioned over 324 parallel computer cores and the 3
coupled channels found in Table I. Following 1500 time steps at At = 0.01 the radial-angular functions of Eq. (24)
are used to calculate the (481)?2 momentum space amplitudes of Eq.(26). The total single ionization cross section

from Eq. (27) isfound to be 2.01 Mbarnsfor M = |, = 0 at 100.0 eV incident energy, including both the S= 0 singlet
and S= 1 triplet contributions.

V. SUMMARY

Inthe future we plan to apply the TDCC method to afull calculation of the electron-impact doubleionization of H,.
We will choose an impact energy above the full breakup energy of 52.5 eV and the number of Ml partial waves will
includeM <2 and |, < 6. Weplan onusing aradia-angular grid of Ar, = 0.20 with N, = 144 and A6, = 0.0833r with
N, = 12. The numerical lattice of (144 x 8)° points will be partitioned over 46,656 parallel computer cores. The
number of coupled channels for relaxation and propagation will also be increased to at least includem = + 2.
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APPENDI X

The six-dimensional wavefunction ™ for electron ionization of one active electron in the ground state of H, is obtained by solving the
time-dependent Schrodinger equation:

1 2

alP (F ) Z( V2+V(r)j‘1’ (7,1 t) +— l‘I‘M(Fl,FZ,t). (22)

The wavefunction WM for a given M symmetry is represented by an expansion in simple products of four-dimensional radial-angular

functions Pn“l"% (r,,0,,1,,0,,t) and rotational functions:

mz(rle 1,,0,,t)

. my
p (rl M2, t) %%rlrz\/m\/ﬁ CI)ml((])l)(I) (¢) (23)

where M = m_ + m,. The angular reduction of the time-dependent Schrodinger equation yields a set of time-dependent close-coupling
equations given by:
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i aPn’;Amz (r,0,,1,,0,,t)
ot

:Z(T’“ (ri vei) +VHS(ri 1ei)) Pn’:‘mz (rlvelvrzvezvt)

D Vo gy (11,03,15,0,) Pt (1,0,,1,,0,,1).

o
At time t = 0 the radial-angular functions are given by:

Pn“l"% (r,0,,r,,0,,t=0)

= Vl/z[ﬁlso(rlxel) G‘kﬁlomZ (rzrez)Snl,OSmZ,M

+(-D3Gy | (1,01) P (1,0,)8,, 81, o] (25)
Momentum space amplitudes are calculated using:
Blmim, (K ko)
=[dr [ do, [dr, [ de, xR, (1,0, B0, (12,0,)
x P (1,0,,1,,0,,t — o). (26)

The total single ionization cross section is given by:

W, (2s+1) © © 2
o =17 222 2 J, dkf, die (B, (k)] (@7)
kO Mol S 4 hm bmy
where the subshell occupation number w, = 2 for the ground state of H,.
Tablel
4D Coupled Channels
m, m,
1 0
1 -1
3 -1 1

Table Il
6D Coupled Channels

m, m, m,
1 0 0 0
2 1 -1 0
3 -1 1 0
4 1 0 -1
5 -1 0 1
6 0 1 -1
7 0 -1 1
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