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Disclaimer



Classical Optics



Light scattering



The particles undergo Brownian motion. The image can be understood

as a time average over the paths of the particles.

Since the positions of the particles are unknown, it will prove to be

advantageous to regard them as random.

Suppose we have a fast camera and can freeze the motion of the par-

ticles; we can think of this as one realization of a random process.



Speckle



Wavefront shaping
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as complex coefficients of the flux-normalized waveguide modes. 
The S-matrix is written as
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where Rll is the complex reflection coefficient for input from the 
left, and so on. In a reciprocal medium, the transmission matrix Tlr, 
describing the transmission from each mode in the left lead to each 
mode on the right, is the transpose matrix of Trl.

The transmission matrix T is of high interest in particular. It can 
be decomposed into transmission channels43, which are a special set 
of solutions that correspond to an orthogonal set of incident waves 
that give rise to an orthogonal set of transmitted waves, making 
them essential in communications and imaging41. Mathematically, 
they correspond to the singular vectors of T. Each channel has a 
specific transmittance τ that lies between 0 and 1. With τ being the 
eigenvalue of T†T, this is referred to as the transmission eigenvalue.

Using random matrix theory, one can calculate quantities like 
the average transmittance Ȓ̄ and the distribution function of trans-
mission eigenvalues P(τ), where the statistical average is taken over 
different realizations of a given random matrix ensemble36,43,44. 
Employing such techniques, Dorokhov45 and later Pereyra, Mello 
and Kumar46 have shown an important property of the transmis-
sion matrix in a lossless diffusive system: apart from transmission 
eigenvalues that are exponentially close to zero, the distribution 
1(Ȓ) = Ȓ̄�Ȓ

√

�− Ȓ has a bimodal form36,43. The two peaks of the 
probability density function at τ = 0 and τ = 1 indicate that the cor-
responding eigenchannels have either vanishing or unity trans-
mittance. These are called closed or open channels, respectively. 
Consequently, the conductance is dominated by a small number 
of open channels. Quantitatively, the effective number of transmis-
sion eigenchannels that contribute to transmitted fields is given 
by the channel participation number 
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With Me < N, the transmitted field intensities in N output modes are  

correlated. The degree of positive correlations between their inten-
sities is on the order of 1/Me.

Enhancing transmittance. In a diffusive system of average trans-
mittance Ȓ̄ ∝ !

U

�- " �, all input energy can be delivered through 
the system by shaping the incident wavefront to match that of an 
open channel with Ȓ

NBY

≈ �. The enhancement of transmittance is 
Ȓ

NBY

�Ȓ̄ ∝ -�!
U

" �, as a result of the interference of multiply-scattered 
light and to the intensity correlations. Experiments were carried out 
using nonlinear optimization47,48 or by measuring the transmission 
matrix with light27,49, microwaves50,51 and elastic waves52 (Fig. 2a,b). 
In a planar diffusive waveguide, the transmittance is enhanced from 
~0.04 to over 0.4 by coupling light into open channels26,53. At the 
same time, the total energy inside the system is increased nearly ten 
times (Fig. 2c–g). Inside a lossless diffusive sample, the energy den-
sity decays linearly with depth for an arbitrary input wavefront, but, 
once an open channel is excited, the energy density first increases 
with the depth and reaches the maximum in the middle of a dif-
fusive system before decreasing26,54,55. Therefore, selective excita-
tion of an open channel can enhance the light–matter interaction 
by enhancing the energy density deep inside a diffusive medium, 
for example, leading to enhanced fluorescence of embedded probes 
(Fig. 2c)56. Moreover, the open channel depth profile has relatively 
small fluctuations from one disorder realization to another, so 
energy can be reliably delivered in the individual samples53. Very 
recent work also showed how all transmission eigenchannels of a 
disordered medium can be opened by placing an inverse-designed 
anti-reflection structure in front of it57.

The spatial structure of transmission eigenchannels can be tai-
lored through the confinement geometry of a diffusive waveguide, 
for example, by modulating the waveguide width over the depth58,59. 
Even an inverse design has been proposed, namely finding the 
boundary shape of a diffusive waveguide to achieve a targeted depth 
variation of energy density60. In a tapered waveguide whose width 
decreases with depth, propagating waves may convert to evanescent 
ones at certain depths, leading to special eigenchannels with deep 
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Fig. 1 | Wavefront shaping. a, A focused light beam enters a scattering medium and the light undergoes multiple scattering to form a complex, 
seemingly random speckle pattern (transmitted light paths are shown in red, reflected ones in blue). b, Wavefront shaping and related methods such 
as phase-conjugation techniques exploit the feature that sending only the transmitted wave back into the medium reproduces the original focus in a to 
a good approximation. c, Before optimization of the wavefront, a collimated laser beam passes through an SLM with all phases set to zero, resulting in a 
complicated speckle pattern behind a scattering sample. d, After optimization of the phase pattern on the SLM, the scattered light is shaped into a focus.
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where Rll is the complex reflection coefficient for input from the 
left, and so on. In a reciprocal medium, the transmission matrix Tlr, 
describing the transmission from each mode in the left lead to each 
mode on the right, is the transpose matrix of Trl.

The transmission matrix T is of high interest in particular. It can 
be decomposed into transmission channels43, which are a special set 
of solutions that correspond to an orthogonal set of incident waves 
that give rise to an orthogonal set of transmitted waves, making 
them essential in communications and imaging41. Mathematically, 
they correspond to the singular vectors of T. Each channel has a 
specific transmittance τ that lies between 0 and 1. With τ being the 
eigenvalue of T†T, this is referred to as the transmission eigenvalue.
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the average transmittance Ȓ̄ and the distribution function of trans-
mission eigenvalues P(τ), where the statistical average is taken over 
different realizations of a given random matrix ensemble36,43,44. 
Employing such techniques, Dorokhov45 and later Pereyra, Mello 
and Kumar46 have shown an important property of the transmis-
sion matrix in a lossless diffusive system: apart from transmission 
eigenvalues that are exponentially close to zero, the distribution 
1(Ȓ) = Ȓ̄�Ȓ

√

�− Ȓ has a bimodal form36,43. The two peaks of the 
probability density function at τ = 0 and τ = 1 indicate that the cor-
responding eigenchannels have either vanishing or unity trans-
mittance. These are called closed or open channels, respectively. 
Consequently, the conductance is dominated by a small number 
of open channels. Quantitatively, the effective number of transmis-
sion eigenchannels that contribute to transmitted fields is given 
by the channel participation number 

.

F

=

(∑
N

Ȓ

N

)
�

�

(∑
N

Ȓ

�

N

)
. 

With Me < N, the transmitted field intensities in N output modes are  

correlated. The degree of positive correlations between their inten-
sities is on the order of 1/Me.

Enhancing transmittance. In a diffusive system of average trans-
mittance Ȓ̄ ∝ !

U

�- " �, all input energy can be delivered through 
the system by shaping the incident wavefront to match that of an 
open channel with Ȓ

NBY

≈ �. The enhancement of transmittance is 
Ȓ

NBY

�Ȓ̄ ∝ -�!
U

" �, as a result of the interference of multiply-scattered 
light and to the intensity correlations. Experiments were carried out 
using nonlinear optimization47,48 or by measuring the transmission 
matrix with light27,49, microwaves50,51 and elastic waves52 (Fig. 2a,b). 
In a planar diffusive waveguide, the transmittance is enhanced from 
~0.04 to over 0.4 by coupling light into open channels26,53. At the 
same time, the total energy inside the system is increased nearly ten 
times (Fig. 2c–g). Inside a lossless diffusive sample, the energy den-
sity decays linearly with depth for an arbitrary input wavefront, but, 
once an open channel is excited, the energy density first increases 
with the depth and reaches the maximum in the middle of a dif-
fusive system before decreasing26,54,55. Therefore, selective excita-
tion of an open channel can enhance the light–matter interaction 
by enhancing the energy density deep inside a diffusive medium, 
for example, leading to enhanced fluorescence of embedded probes 
(Fig. 2c)56. Moreover, the open channel depth profile has relatively 
small fluctuations from one disorder realization to another, so 
energy can be reliably delivered in the individual samples53. Very 
recent work also showed how all transmission eigenchannels of a 
disordered medium can be opened by placing an inverse-designed 
anti-reflection structure in front of it57.

The spatial structure of transmission eigenchannels can be tai-
lored through the confinement geometry of a diffusive waveguide, 
for example, by modulating the waveguide width over the depth58,59. 
Even an inverse design has been proposed, namely finding the 
boundary shape of a diffusive waveguide to achieve a targeted depth 
variation of energy density60. In a tapered waveguide whose width 
decreases with depth, propagating waves may convert to evanescent 
ones at certain depths, leading to special eigenchannels with deep 

b

a c

d

Fig. 1 | Wavefront shaping. a, A focused light beam enters a scattering medium and the light undergoes multiple scattering to form a complex, 
seemingly random speckle pattern (transmitted light paths are shown in red, reflected ones in blue). b, Wavefront shaping and related methods such 
as phase-conjugation techniques exploit the feature that sending only the transmitted wave back into the medium reproduces the original focus in a to 
a good approximation. c, Before optimization of the wavefront, a collimated laser beam passes through an SLM with all phases set to zero, resulting in a 
complicated speckle pattern behind a scattering sample. d, After optimization of the phase pattern on the SLM, the scattered light is shaped into a focus.
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Imaging



Optical tomography

xy scanner 

CCD 

laser 

Sample is of order 100`∗ in size



Inverse problem



Scales

• Waves

— scale of the wavelength λ

• Transport

— scale of the scattering length `s

• Diffusion

— macroscopic scale L

• Multiple scattering and separation of scales

λ� `s � L



Waves, transport and diffusion

At microscopic scales, the field u(x, t) obeys the wave equation

ε(x)

c2
∂2u

∂t2
= ∆u ,

where ε is the dielectric permittivity and for simplicity we do not consider

polarization.

At mesoscopic scales, the specific intensity I(x, k̂, t) obeys the radiative

transport equation

1

c

∂I

∂t
+ k̂ · ∇xI =

1

`s

∫
dk̂′

[
A(k̂′, k̂)I(x, k̂′)−A(k̂, k̂′)I(x, k̂)

]
.

The phase function A is normalized so that
∫
A(k̂, k̂′)dk̂′ = 1 for all k̂.



At macroscopic scales, the specific intensity is well approximated by the

solution to the diffusion equation

1

c

∂U

∂t
= D∆U ,

where I(x, k̂, t) = U(x, t) + `sk̂ · ∇U(x, t) and D = 1
3c`s.

We view light propagation in disordered systems as the study of waves

in random media. Averaging of randomness at the microscopic level

leads to deterministic behavior at the macroscopic level.



Waves to transport

The RTE can be derived from the high-frequency behavior of wave

propagation in random media. Field correlations (Wigner transform)

are related to the specific intensity.

This is a long story. See R. Carminati and J. Schotland, Principles of

Scattering and Transport of Light (Cambridge University Press, 2021).

The wave equation is invariant under time reversal but the transport

equation is not. This is reminiscent of the problem of deriving kinetic

equations from Hamiltonian mechanics.

Averaging over the random medium leads to the loss of time-reversal

invariance.



This is a fantastic book for those of us who work on mathematical modeling of wave 
interaction with complex systems. […] It will undoubtedly become an indispensable aid to 
researchers in optical physics and optical engineering, and to anyone who wishes to move 
into the field.
Habib Ammari, ETH Zürich

This beautiful masterwork of Carminati and Schotland takes us from the foundational laws 
of physics expressed in Maxwell’s equations through to the most quotidian of observable 
phenomena: light viewed through a murky liquid. […] Every step of the way is clearly 
explained and accessible. I suspect the reader may arrive looking for a particular chapter 
and find the whole book irresistible.
P. Scott Carney, The Institute of Optics, University of Rochester

Light scattering is one of the most well-studied phenomena in nature. It occupies a central 
place in optical physics and plays a key role in multiple fields of science and engineering. 
This volume presents a comprehensive introduction to the subject. For the first time, the 
authors bring together in a self-contained and systematic manner the physical concepts and 
mathematical tools that are used in the modern theory of light scattering and transport, 
presenting them in a clear, accessible way. The power of these tools is demonstrated by a 
framework that links various aspects of the subject: scattering theory to radiative transport, 
radiative transport to diffusion, and field correlations to the statistics of speckle patterns. 
For graduate students and researchers in optical physics and optical engineering, this book 
is an invaluable resource on the interaction of light with complex media and the theory of 
light scattering in disordered and complex systems.

Rémi Carminati is Professor of Physics at ESPCI Paris, before which he held a faculty position 
at École Centrale Paris. He was awarded the Fabry-de Gramont prize of the French Optical 
Society and is a Fellow of the Optical Society of America.

John C. Schotland is Professor of Mathematics at Yale University. He has held faculty 
positions at the University of Pennsylvania and the University of Michigan, where he was 
the founding director of the Michigan Center for Applied and Interdisciplinary Mathematics.
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Waves in random media

• Coherent backscattering

• Speckle correlations

• Localization

• Near-field effects

• Imaging



Quantum Optics



Quantum optics and random media

• Radiative transport is based on classical theories of light propagation

• Are there quantum effects in radiative transport?

— spontaneous emission of single photons

— transport of entangled two-photon states

• New mathematical tools

— many-body problem

— nonlocal PDEs with random coefficients



Physical ideas

|1i
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Quantization of the field

We consider a scalar model of the electromagnetic field (without polar-

ization). The field u obeys the wave equation

∂2u

∂t2
= c2∆u .

We expand the solution into Fourier modes of the form

u(x, t) =
∑

k

uk(t)eik·x

and find that

ük + ω2
kuk = 0 .

This corresponds to independent harmonic oscillator modes with fre-

quency ωk = c|k|.



The oscillators are quantized by promoting the uk to operators in the

usual manner. The Hamiltonian of the quantized field is given by

H =
∑

k

~ωka
†
kak .

The creation and annihilation operators obey the bosonic commutation

relations

[ak, a
†
k′] = δkk′ , [ak, ak′] = 0 .

Here a
†
k and ak are defined by

a
†
k |nk〉 =

√
nk + 1 |nk + 1〉 , ak |nk〉 =

√
nk |nk − 1〉 .

Photons are collective excitations of the quantized field. There are nk
photons in the state |nk〉, each with energy ~ωk.



Two-level atom

We consider a two level atom with Hamiltonian

HA = ~Ωσ†σ ,

where Ω is the transition frequency of the atom. Here σ is the lowering

operator and σ† is the raising operator for the atomic states. That is,

σ = |0〉〈1|, where |0〉 is the ground state and |1〉 is the excited state.

Note that σ obeys the fermionic anticommutation relation {σ, σ†} = 1.

If the atom is initially in its excited state it will remain there forever; it

is an eigenstate.



The atom has an electric dipole moment which couples to the field

according to the interaction Hamiltonian

HI = ~g
∑

k

(
a
†
kσ + akσ

†
)
,

where the coupling constant g is proportional to the dipole moment.

The first term corresponds to loss of a photon by the atom and the

gain of a photon by the field; the second term has the opposite effect.

The coupling to the field causes the excited state to decay; this is called

spontaneous emisssion.



Many atoms

Consider the following Hamiltonian:

H =
∑

k

~ωka
†
kak +

∑

j

~Ωσ†jσj + ~g
∑

j

∑

k

(
a
†
kσje

ik·xj + akσ
†
je
−ik·xj

)
,

where σj = |0j〉〈1j|. The atoms interact through their coupling to the

field.

According to the Schrodinger equation,

i~∂t |ψ〉 = H |ψ〉 ,

the single excitation state

|ψ(t)〉 =
∑

j

∑

k

(
αk(t)a†k + βj(t)σ

†
j

)
|0〉



evolves according to

i
d

dt
αk = ωkαk + g

∑

j

βje
−ik·xj

i
d

dt
βj = Ωβj + g

∑

k

αke
ik·xj .

The number of excitations is conserved.



Spontaneous emission

Consider a single atom, which is initially in its excited state. If g = 0

(no coupling to the field), then

β(t) = e−iΩt ,

and the atom remains in its excited state for all times.

If g 6= 0, the atom decays to its ground state due to coupling to the

vacuum field. The probability that the atom is in its excited state is

P (t) = |β(t)|2 = e−γt ,

where γ = g2Ω2/c3 is the decay rate.

This result is due to Wigner and Weisskopf (1930). It makes use of an

approximation that breaks down at long times.



Many atom dynamics

When there are many atoms, the spontaneous emission of light becomes

cooperative.

i
d

dt
αk = ωkαk + g

∑

j

βje
−ik·xj

i
d

dt
βj = Ωβj + g

∑

k

αke
ik·xj .

The dynamics depends on the size of the system. For small systems,

there is exponential decay at the rate Nγ, where N is the number of

atoms. For large systems there are oscillations and decay.

This is a computationally challenging problem.



Single-photon superradiance

photon operator and gk ! }
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
@!k="!0V ph#

q
is the atom-

photon coupling constant for the k mode, !k is the photon
frequency, and ! ! ck0 is the energy difference between
level a and b, c is the speed of light. For simplicity, we
neglect the effects of photon polarization. The dynamical
evolution is then totally determined by the Schrödinger’s
equation. Let us consider first the two atoms’ problem, and
call the state j1ik0

! j$ik0
. The state vector for the two

atoms plus field system is then given by

 

j!"t#i!"%"t#j%ik0
j0i%"$"t#j$ik0

j0i%
X

k
#k"t#jgij1ki:

(3)

As is shown in Ref. [4], the probability amplitude "% and
"$ are coupled due to the fact that they decay to a common
ground state, that is

 

_"% ! $#%%"% $ #%$"$; (4)

 

_"$ ! $#$$"$ $ #$%"%: (5)

This was first pointed out by Agarwal [12]. It is closely
related to earlier work of Fano, and is often referred to as
Fano coupling. We call it Agarwal-Fano coupling.

However, when we consider a sphere with N atoms,
where N & 1, and R& $ there is no Agarwal-Fano cou-
pling. Instead we now find [4]
 

_"%"t# ! $
1

N

Z t

0
dt0
X

k

XN

i;j!1

g2
k exp'i"!k $!#"t0 $ t#(

) exp'i"k$ k0# ) "ri $ rj#("%"t0#: (6)

For a dense cloud one can treat the atom distribution as
continuous, we then have

P
i;j ! "N=V#2

R
dr
R
dr0, where

FIG. 2 (color online). Timed Dicke states associated with absorption of radiation of wave vector k0: (a) the initial state j%ik0
decays

directly to the ground state jgi. (b) The timed Dicke states corresponding to single photon excitations.
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FIG. 1 (color online). Comparison of the different dynamical behavior for the correlated spontaneous emission from an N atomic
cloud described by the j%ik0

state of Fig. 2(b). The single atom spontaneous decay life time is taken to be %0 ! 10 ns (# ! 1=2%0). We
assume that atomic density is 1016 cm$3 and the resonant photon wavelength is $ ! 1 &m. Plot (a) corresponds to the case when
cloud radius is equal to $=2, hence the number of atoms is Na ! 5240, then the state decay time is %a ! %0=Na ! 1:9* 10$3 ns. In
plot (b) the cloud radius is r ! 10$, Nb ! 4:2* 107, %b ! 32'2r2%0=27Nb$2 ! 2:7* 10$4 ns. In plot (c) the radius of the atomic
cloud is R ! 1 mm which yields Nc ! 4:1* 1013, %c ! 8R=6c ! 4:4* 10$3 ns, while the period of oscillations is 2'=" ! 0:74*
10$3 ns.

PRL 100, 160504 (2008) P H Y S I C A L R E V I E W L E T T E R S week ending
25 APRIL 2008

160504-2

Svidzinsky, Chang and Scully, Phys. Rev. Lett. (2008)



Cold trapped 87Rb
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FIG. 1. (a) Sketch of the experiment: A probe beam (detuned by � = !L�!0 from the atomic transition) suddenly illuminates
a Gaussian cloud of two-level atoms (transition linewidth �, optical depth b0). The time-dependent scattered light intensity is
measured at an angle of ✓ = 35� from the axis of the incident beam. (b-d) Experimental time-dependent intensity response for
various cloud and laser parameters showing damped Rabi oscillations. The damping depends on the optical depth b0 and �.
Lines denote a full numerical simulation of linear-optics equations of motion (see text) and reproduce the experiment very well
due to the low saturation parameter (s ⇡ 0.02).

II. SWITCH-ON DYNAMICS IN THE
LINEAR-OPTICS REGIME

In this section, we show how superradiance can be ob-
served in an experiment monitoring the switch-on dy-
namics of a cold-atom cloud in the linear-optics regime.
We start by briefly describing the experimental setup
(Sec. IIA) and the linear optics model (Sec. II B). We
then compare full numerical simulations to experimental
data (Sec. II C) and show that the cloud dynamics can
be modeled by the dynamics of a single e↵ective driven
and damped dipole (Sec. II D). We then demonstrate
(Sec. II E) that the damping of the collective oscillation
exhibits a superradiant rate, similar to the one observed
in the switch-o↵ dynamics [5].

A. Experimental setup

The experimental data discussed in this section was
obtained with the same setup as in [5]. A precise de-
scription of the experiment can thus be found in this
reference.

In brief, we produce a three-dimensional Gaussian
cloud (rms width R ⇡ 1 mm) of N ⇡ 109 randomly dis-
tributed 87Rb atoms [see sketch in Fig. 1(a)]. The atoms
behave essentially as two-level systems, using the closed
atomic F = 2 ! F 0 = 3 transition (wavelength � =
2⇡c/!0 = 780.24 nm and linewidth �/2⇡ = 6.07 MHz).
The cloud is homogeneously illuminated by a linearly
polarized monochromatic probe beam with beam waist
w ⇡ 5.7 mm, frequency !L and detuning � = !L � !0

from the atomic transition. It is propagating along the
z-direction, k0 = k(0, 0, 1)T , k = 2⇡/�.

Multiple series of pulses with 10%-90% rise time of
about 6 ns, which is short compared to the lifetime of
the excited state ⌧at = ��1 = 26.2 ns, are produced by
acousto- and electro-optical modulators used in series.

During a cycle of pulses the atomic cloud expands balis-
tically, which allows us to probe di↵erent on-resonance
peak optical depths. The optical depth is defined as
b0 = �sc

R
⇢(0, 0, z)dz, with �sc the atomic cross-section.

Accounting for the internal structure of Rubidium, this
corresponds to b0 = (7/15)3N/(kR)2 in the experiment.
In the scalar-light model used below, the optical thickness
is given by bS

0 = 2N/(kR)2. We also vary the detuning
of the probe pulses but then adjust the light intensity
accordingly to keep a constant saturation parameter of
s ' (2.2 ± 0.6) ⇥ 10�2. The time-dependent scattered
light intensity is recorded by a photon detector in the far
field at an angle of ✓ = 35� from the z-axis.

To clean the recorded intensity signal from remaining
technical imperfections of the light switch-on dynamics,
such as small overshoots, we divide the normalized tem-
poral signal recorded with the atoms by a normalized
reference profile of the laser without atoms (and white
paper as scattering medium). The experimental signal is
averaged over a large number of realizations (⇡ 5 ⇥ 105

cycles), and normalized to one in the steady state.

B. Linear-optics dynamics

In the limit of low excitation in the cloud, i.e. in a
regime where the atoms are only virtually excited and
all population remains in the ground state (see Sec. III
for a detailed derivation), the dynamics is governed by
the well-known linear coupled-dipole (CD) equation

d

dt
b(t) = Mb(t) + w. (1)

Here, the system is described by the vector of complex
excitation amplitudes, b(t) = [�1(t), �2(t), . . . , �N (t)]T .
The laser excitation is governed by the Rabi-frequency
vector w = �i[⌦1, ⌦2, . . . ,⌦N ]T /2 , where the complex
⌦n = ⌦0e

ik0·rn contain the single-atom Rabi frequency

Santo, Weiss, Cipris, Kaiser, Guerin, Bachelard and Schachenmayer, Phys. Rev A (2020)



Real-space quantization

The analysis of many-body problems requires new mathematical tools.

In order to treat the atoms and the field on the same footing, we

introduce a real-space quantization of the fields.

The Hamiltonian of the field is given by

H =
∑

k

~ωka
†
kak ,

where ωk = c|k|.

Let φ(x) denote the Fourier transform of ak,

φ(x) =
∑

k

eik·xak .

Evidently, φ obeys the commutation relations [φ(x), φ†(x′)] = δ(x − x′)
and [φ(x), φ(x′)] = 0.



The Hamiltonian becomes

H = ~c
∫
dx(−∆)1/2φ†(x)φ(x) ,

since |k| is the Fourier multiplier of (−∆)1/2.

The operator (−∆)1/2 is non-local and is defined by the Fourier integral

(−∆)1/2f(x) =
∫

dk

(2π)3
eik·x|k|f̃(k) .

It also has the spatial representation

(−∆)1/2f(x) = C
∫
dy

f(x)− f(y)

|x− y|4
,

which is a singular integral.



The Hamiltonian now becomes

H = ~
∫
dx
[
c(−∆)1/2φ†(x)φ(x) + Ωρ(x)σ†(x)σ(x)

+ gρ(x)
(
φ†(x)σ(x) + φ(x)σ†(x)

) ]
,

where σ(x) is the atomic lowering operator and ρ(x) is the number

density of atoms.

Consider a single-excitation state of the form

|Ψ〉 =
∫
dx
[
ψ(x, t)φ†(x) + ρ(x)a(x, t)σ†(x)

]
|0〉 ,

where |0〉 is the combined vacuum state of the field and the ground

state of the atoms. Here a(x, t) denotes the probability amplitude for

exciting an atom and ψ(x, t) is the amplitude for creating a photon.

The quantity |ψ(x, t)|2 is proportional to the number of photons regis-

tered by a detector.



The dynamics of the state |Ψ〉 is governed by the Schrodinger equation

i~∂t|Ψ〉 = H|Ψ〉 .

We find that a and ψ obey the nonlocal PDEs

i∂tψ = c(−∆)1/2ψ + gρ(x)a ,

i∂ta = gψ + Ωa .

The amplitudes obey the normalization condition
∫
dx
(
|ψ(x, t)|2 + ρ(x)|a(x, t)|2

)
= 1 ,

which guarantees conservation of probability.



Spontaneous emission

Consider a single atom with ρ(x) = δ(x). We assume that the atom

is initially in its excited state and that there are no photons present

in the field. The probability the atom is in its excited state decays

exponentially:

|a(0, t)|2 = e−γt ,

where

γ =
g2Ω2

πc3
.

Here we make use of a pole approximation and recover the result of

Wigner and Weisskopf.



Constant density

Suppose that ρ(x) = ρ0. Then

i∂tψ = c(−∆)1/2ψ + gρ0a ,

i∂ta = gψ + Ωa .

can be solved explicitly.

Suppose that initially there is a localized region of excited atoms. The

initial amplitudes are taken to be

ψ(x,0) = 0 ,

√
ρ0a(x,0) =

(
1

πl2s

)3/4

e−|x|
2/2l2s .



ψ(x, t) =
g
√

2ρ0l
3/2
s

π3/2|x|

∫ ∞
0

dk k sin(k|x|)
e−iλ+(k)t − e−iλ−(k)t

λ+(k)− λ−(k)
e−l

2
sk

2/2 ,

√
ρ0a(x, t) =

√
2l

3/2
s

π3/2|x|

∫ ∞
0

dk k sin(k|x|)

×
(λ+(k)−Ω)e−iλ−(k)t − (λ−(k)−Ω)e−iλ+(k)t

λ+(k)− λ−(k)
e−l

2
sk

2/2 ,

where

λ±(k) =
c|k|+ Ω±

√
(c|k| −Ω)2 + 4g2ρ0

2
.
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Many atoms

Let ρ(x) =
∑N
j=1 δ(x− xj). Then as t→∞,

a(t) =
∑

j

Rje
ipjta(0) +

∑

j

Sje
−zjta(0)

−
g2eiΩt

2π2icΩ2t3
a(0) +O

(
1

t4

)
,

where pj and zj are poles of two matrix-valued functions, and Rj and

Sj are corresponding projectors.

Note that there is a crossover from exponential to algebraic decay at

long times.



Random media

In a random medium, we wish to determine 〈|a(x, t)|2〉 and 〈|ψ(x, t)|2〉,
where 〈· · · 〉 denotes statistical averaging.

i∂tψ = c(−∆)1/2ψ + gρ(x)a ,

i∂ta = gψ + Ωa .

The atomic density ρ(x) is taken to be a random field of the form

ρ(x) = ρ0(1 + η(x)), where ρ0 is constant. The density fluctuation η is

a statistically homogeneous and isotropic random field with correlations

〈η(x)〉 = 0 ,

〈η(x)η(y)〉 = C(|x− y|) .



The solutions a and ψ oscillate rapidly on the scale of the wavelength.

We are interested in the high-frequency regime where the propagation

distance is long compared to the wavelength, the propagation time is

large compared to the period, and ρ is slowly varying.

The high-frequency, weak disorder regime is precisely the setting in

which radiative transport theory holds for classical wave fields.

The analog of the RTE can be derived from the asymptotics of the

Wigner transform.



The Wigner transform is defined by

Wij(x,k, t) =
∫

dx′

(2π)n
eik·x

′
Φi(x− x′/2, t)Φ∗j(x + x′/2, t) ,

where Φ(x, t) = (ψ(x, t), a(x, t)).

The probability densities |ψ(x, t)|2 and |a(x, t)|2 are related to the Wigner

transform by

|ψ(x, t)|2 =
∫
dkW11(x,k, t) ,

|a(x, t)|2 =
∫
dkW22(x,k, t) .

The diagonal elements of W are real-valued, but not generally nonneg-

ative. However, in the high-frequency limit they become nonnegative.



The average Wigner transform can be decomposed into modes as

〈W (x,k, t)〉 = a+(x,k, t)b+(k)bT+(k) + a−(x,k, t)b−(k)bT−(k) ,

b±(k) =
1√

(λ±(k)−Ω)2 + g2ρ0

[
λ±(k)−Ω
g
√
ρ0

]
.

λ±(k) =
c|k|+ Ω±

√
(c|k| −Ω)2 + 4g2ρ0

2
.

In the high-frequency limit, the modes a± obey a kinetic equation of

the form

1

c
∂ta±(x,k, t) + f±(k)k̂ · ∇xa±(x,k, t)

= σ±(k)
∫
dk̂′

[
A(k′,k)a±(x,k′, t)−A(k,k′)a±(x,k, t)

]
,



The coefficients are given in terms of the correlation function of the

disorder:

σ±(k) =
4π(g2ρ0)2|λ±(k)−Ω|

c2((λ±(k)−Ω)2 + g2ρ0)2

√
(c|k| −Ω)2 + 4g2ρ0|k|2

×
∫

dk̂′

(2π)3
C̃(|k|(k̂− k̂′)) ,

A(k,k′) =
C̃(|k|(k̂− k̂′))∫
dk̂′C̃(|k|(k̂− k̂′))

,

f±(k) =
(λ±(k)−Ω)2

(λ±(k)−Ω)2 + g2ρ0
.



We suppose that the atoms are initially excited in a volume of linear

dimensions ls and that there are no photons present in the field:

a(x,0) =

(
1

πl2s

)3/4

e−|x|
2/2l2s ,

ψ(x,0) = 0 .

The kinetic equations are solved in the diffusion approximation for an

infinite medium. We assume isotropic scattering with A = 1/(4π) and

set Ωls/c = 1, ρ0(g/Ω)2 = 1.

At long times (Ωt� 1)

〈|a(x, t)|2〉 =
C1

t3/2
+O

(
1

t5/2

)
,

〈|ψ(x, t)|2〉 =
C2

t3/2
+O

(
1

t5/2

)
.
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Figure 1. Time dependence of field and atomic probability densities.

The corresponding initial conditions for u˘px, |k|, tq are then given by

u`px, |k|, 0q “
ż

dk̂
pW0q11px,k, 0q “pλ`pkq ´ Ωq2 ` g2ρ0

‰

pλ`pkq ´ Ωq2 ´ pλ´pkq ´ Ωq2

´
pW0q22px,k, 0q

” pλ´pkq´Ωq2
g2ρ0

ı “pλ`pkq ´ Ωq2 ` g2ρ0

‰

pλ`pkq ´ Ωq2 ´ pλ´pkq ´ Ωq2 , (131)

u´px, |k|, 0q “
ż

dk̂
pW0q11px,k, 0q “pλ`pkq ´ Ωq2 ` g2ρ0

‰

pλ´pkq ´ Ωq2 ´ pλ`pkq ´ Ωq2

´
pW0q22px,k, 0q

” pλ`pkq´Ωq2
g2ρ0

ı “pλ´pkq ´ Ωq2 ` g2ρ0

‰

pλ´pkq ´ Ωq2 ´ pλ`pkq ´ Ωq2 . (132)

We suppose that the atoms are initially excited near the origin in a volume of linear
dimensions ls and that there are no photons present in the field. We thus impose the
following initial conditions on the amplitudes:

?
ρ0apx, 0q “

ˆ
1

πl2s

˙3{4
e´|x|2{2l2s , (133)

ψpx, 0q “ 0 . (134)



Two-photon states

The physics of two-photon states is much richer. There can be entan-

glement of both the photons and the atoms.

Consider a two-photon state of the form

|Ψ〉 =
∫
dx1dx2

[
ψ2(x1,x2, t)φ

†(x1)φ†(x2) + ρ(x1)ψ1(x1,x2, t)φ
†(x1)σ†(x2)

+ ρ(x1)ρ(x2)a(x1,x2, t)σ
†(x1)σ†(x2)

]
|0〉 .

Here a denotes the amplitude for exciting two atoms, ψ2 is the amplitude

for creating two photons, and ψ1 is the amplitude for jointly exciting an

atom and creating a photon.



The dynamics of the state |Ψ〉 is governed by the Schrodinger equation

i~∂t|Ψ〉 = H|Ψ〉 .

We find that a, ψ1 and ψ2 obey

i∂tψ2 = c(−∆x1)1/2ψ2 + c(−∆x2)1/2ψ2 +
g

2

(
ρ(x1)ψ1 + ρ(x2)ψ̃1

)
,

i∂tψ1 =
[
c(−∆x2)1/2 + Ω

]
ψ1 − 2gρ(x2)a+ 2gψ2 ,

i∂ta =
g

2
(ψ̃1 − ψ1) + 2Ωa ,

where ψ̃1(x1,x2) = ψ1(x2,x1).

For the case of a single atom, we obtain a modified exponential decay

of the population of the excited state, which describes the process of

stimulated emission. Likewise the case of a medium with constant

density can be analyzed.



Two photons constant density
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Two-photon RTE

In a random medium, the average Wigner transform can be expanded

into modes in a manner similar to the one-photon problem. It can

be seen that in the high-frequency limit, the modes ai(x1,k1,x2,k2),

i = 1,2,3,4, obey kinetic equations of the form

1

c
∂tai + k̂1 · ∇x1ai + k̂2 · ∇x2ai = Tiai .

The coefficients and the transport operator Ti are related to density

correlations.

The diffusion approximation for ai is constructed in the standard way.



We suppose that two photons are present in the field and that the atoms

are initially in their ground states:

ψ2(x1,x2,0) = C

(
e−|x1−y0|2/2l2s e−|x2−y1|2/2l2s + e−|x1−y1|2/2l2s e−|x2−y0|2/2l2s

)
,

ψ1(x1,x2,0) = 0 ,

a(x1,x2,0) = 0 .

We note that the initial two-photon state is entangled (not separable).

The kinetic equations are solved in the diffusion approximation.

At long times (Ωt� 1)

〈|ψ1(x1,x2, t)|2〉 =
C1

t3
+O

(
1

t4

)
,

〈|ψ2(x1,x2, t)|2〉 =
C2

t3
+O

(
1

t4

)
,

〈|a(x1,x2, t)|2〉 =
C3

t3
+O

(
1

t4

)
.
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Related topics

• Resonances and bound states

• Band structure and homogenization

• Anderson localization

• Solvers for nonlocal PDEs



Applications

• Imaging

— quantum correlations

— superresolution

• Communications

— quantum information and disorder

— channel capacity



One-way waveguides

Waveguides in which light propagates in one direction can serve as one-
way carriers of quantum information.

The violation of reciprocity is due to an asymmetric dispersion relation.

!
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Model

Consider the following Hamiltonian for a one-way waveguide containing
a collection of two-level atoms:

H = ~
∫
dx
[
iv∂xφ

†(x)φ(x) + Ωρ(x)σ†(x)σ(x)

+ gρ(x)
(
φ†(x)σ(x) + φ(x)σ†(x)

) ]
.

The single excitation energy eigenstate |Ψ〉 obeys the Schrodinger equa-
tion H |Ψ〉 = ~ω |Ψ〉, with

|Ψ〉 =
∫
dx
[
ψ(x)φ†(x) + ρ(x)a(x)σ†(x)

]
|0〉 ,

The amplitudes a and ψ satisfy

i∂xψ + γρ(x)ψ =
ω

v
ψ ,

a =
(ω −Ω)

g
ψ ,

where γ = g2/(ω −Ω).



Integration of the above gives

ψ(x) = exp
[
−i
ω

v
x+ i

γ

v

∫ x
0
ρ(y)dy

]
ψ(0) ,

Note that |ψ(x)|2 is independent of ρ(x). Transport is independent of

configuration.



Waveguide arrays

We consider the propagation of a single photon in an array of one-way

waveguides.

The waveguides, each of which contains many two-level atoms, are

arranged in a one-dimesional lattice.

In a chiral array, the atomic frequencies alternate in value between two

interpenetrating sublattices.

In an antichiral array, the group velocities alternate in sign between the

sublattices.



Chiral and antichiral arrays
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The Hamiltonian of the system is H = HA +HF +HI. Here the atomic

Hamiltonian HA is given by

HA = ~ω0

∫
dx
∑

n
ρn(x)σ†(x)σ(x) .

The Hamiltonian of the optical field HF is

HF = ~
∫
dx
∑

n

[
φ†n(x) (Ωn + ivn∂x)φn(x)

+ J0(φ†n(x)φn+1(x) + φ
†
n+1(x)φn(x))

]
.

The interaction between the atoms and the field is of the form

HI = ~g
∫
dx
∑

n
ρn(x)

[
σ†(x)φn(x) + σ(x)φ†n(x)

]
.



We suppose that the system is in a single-excitation state of the form

|Ψ〉 =
∫
dx
∑

n

[
an(x)σ†(x) + ψn(x)φ†n(x)

]
|0〉 .

Making use of the Schrodinger equation H |Ψ〉 = E0 |Ψ〉 we find that

ivn∂xψn + Ωnψn + J0

(
ψn+1 + ψn−1

)
+ γρn(x)ψn = E0ψn ,

We split the above into even and odd parts and take the continuum

limit. Let ψ1 and ψ2 denote the values of ψ in each of the sublattices.

We then have

iv1∂xψ1 + Ωψ1 + iJ∂yψ2 + V (x, y)ψ1 = Eψ1 ,

iv2∂xψ2 −Ωψ2 + iJ∂yψ1 + V (x, y)ψ2 = Eψ2 .

where Ω = (Ω1 −Ω2)/2 and E = E0 + (Ω1 + Ω2)/2.



Dirac equations

For a chiral array, the frequencies differ in each sublattice and the group

velocities are the same with v1 = v2 = v. We then find that ψ = (ψ1, ψ2)

obeys the Dirac equation

iv∂xψ + iJα∂yψ + Ωβψ + V (x, y)ψ = Eψ ,

where α and β are the Pauli matrices

α =

(
0 1
1 0

)
, β =

(
1 0
0 −1

)
.

This is a (1+1) dimensional Dirac equation, where the coordinate x

is timelike, y is spacelike and Ω plays the role of the mass. Here the

nondimensionalized Dirac operator D = iα∂y + β with D2 = −∂2
y + 1.



For an antichiral array, the group velocities alternate in sign with v1 =

−v2 = v and Ω = 0. It follows that ψ obeys

ivβ∂xψ + iJα∂yψ + V (x, y)ψ = Eψ .

This is a (2+0) dimensional Dirac equation, where both the x and y

coordinates are spacelike. Here the nondimensionalized Dirac operator

D = iβ∂x + iα∂y with D2 = −∆.



Chiral and antichiral arrays
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Plots of the total probability density |ψ1|2 + |ψ2|2.



Inverse problems

Consider a time-harmonic solution of

i∂tψ = c(−∆)1/2ψ + gρ(x)a ,

i∂ta = gψ + Ωa .

This leads to the boundary value problem

(−∆)1/2u+ η(x)u = 0 in Ω ,

u = f in Ωc ,

where the potential η(x) = g2/(ω −Ω)ρ(x).

We define Λη(f) = (−∆)1/2u
∣∣∣
Ωc. The inverse problem is to recover η

from Λη. Due to nonlocality, the problem is formally determined with a
single source. By unique continuation (Ghosh, Ruland and Uhlmann),
there is an inversion formula

η(x) = −
(−∆)1/2u(x)

u(x)
,



with measurements taken on an open subset of Ωc. The unique contin-
uation is not stable.

Instead, consider the scattering problem (in dimension three)

(−∆)1/2ψ + η(x)ψ = kψ ,

lim
|x|→∞

|x|
(
∂

∂|x|
ψs − kψs

)
= 0 .

Here the scattered field ψs = ψ − ψi, where the incident field ψi obeys
(−∆)1/2ψi − kψi = 0.

In the far zone, the scattered field is of the form

ψs ∼
eik|x|

|x|
φ(k,k′) ,

where the scattering amplitude φ depends on the incoming and outgoing
wavevectors k and k′.

The inverse problem is to recover η from measurements of φ.



Scattering theory

The field obeys the Lippmann-Schwinger equation

ψ(x) = ψi(x) +
∫
G(x,y)ψ(y)η(y)dy .

By iterating the above we obtain the Born series

ψ(x) = ψi(x) +
∫
G(x,y)η(y)ψi(y)dy

+
∫
G(x,y)η(y)G(y,y′)η(y′)ψi(y′)dydy′+ · · · .

The outgoing Green’s function is given by

G(x,y) =
1

(2π)3

∫
eiq·(x−y)

|q| − k − iε
dq .

Note the identity

G(x,0) = −
1

2π|x|
∂

∂|x|
g(x) ,



where

g(x) =
1

2π
eik|x|E1(ik|x|) + ieik|x| ,

The exponential integral is defined by

E1(x) =
∫ ∞
x

e−t

t
dt

and

E1(x) = −γ − logx−
∞∑

n=1

(−x)n

n n!

Thus the near field decays as 1/|x|2 and the far field decays as 1/|x|.

In the far field

G(x,y) = k
eik|x|

2π|x|
e−ikx̂·y

[
1 +O

(
1

|x|

)]
.

We then see that the scattered field is given by

ψs ∼ k
eik|x|

2π|x|

∫
e−ikx̂·yη(y)ψ(y)dy .



By removing the geometrical factor, the scattering amplitude is of the
form

φ =
∫
e−ikx̂·yη(y)ψ(y)dy .

Taking the incident field ψi(x) = eik
′·x and using the Born series for ψ,

we find that

φ = K1(η) +K2(η, η) +K3(η, η, η) + · · · ,

Kn(η1, . . . , ηm)(k,k′) =
∫
e−ik·y1−k′·ynG(y1,y2) . . . G(yn−1,yn)

× η1(y1) . . . ηm(yn) dy1 . . .dyn ,

and k = kx̂ and k′ = kx̂′.

We can estimate the norm of Km by

‖Km‖ ≤ νµm−1 ,

for suitable constants µ and ν. Here Km : L2(Ba × · · · × Ba) → L2(S2),
where η is supported in the ball Ba.



Inverse Born series

Let X and Y be Banach spaces and Km : Xm → Y be a multilinear

operator. Here Xm indicates the m-fold tensor product Xm = X⊗· · ·⊗X
equipped with the projective norm. Consider the operator F : X → Y

defined by

F[η] =
∞∑

m=1

Km(η, . . . , η).

The forward problem is to evaluate the map F : η 7→ φ for η ∈ X and

φ ∈ Y . We refer to the above as the Born series.

The inverse problem is to determine η assuming φ is known. That is,

we wish to construct a map I : Y → X which is, in a suitable sense, the

inverse of F. We define the operator I by

I[φ] =
∞∑

m=1

Km(φ).

This is the inverse Born series.



To find the operators Km : Y m → X, substitute the series for η into the

series for φ and equate terms of the same order in φ. We find that Km
is homogeneous of degree m and is given by

K1K1 = I,

K2(φ) = −K1 (K2(K1(φ),K1(φ))) ,

Km(φ) = −
m∑

n=2

∑

i1+···+in=m

K1Kn
(
Ki1(φ), . . . ,Kin(φ)

)
.

We note that inversion of K1 is simple since

K1(η)(k,k′) =
∫
e−i(k−k′)·yη(y)dy

with |k| = |k′| = k yields a band-limited Fourier transform. Thus the

highest frequency present in the reconstruction is 2k.



The following theorem establishes a sufficient condition for convergence

of the inverse Born series. Let BR,X denote the ball of radius R centered

at the origin in the Banach space X

Theorem (Hoskins and S). Let µ and ν be positive constants. Suppose

that ‖Km‖ ≤ νµm−1 for m = 1,2, · · · . The inverse Born series converges

if ‖K1φ‖X < r , where the radius of convergence r is given by

r =
1

2µ

[√
16C2 + 1− 4C

]
,

where C = max{2, ‖K1‖ν}. Moreover, if K1φ ∈ Br(X) then the inverse

operator I maps Br(X) into Br0(Y ), with r0 = 2µ/
√

16C2 + 1.



We characterize the approximation error as follows.

Theorem (Hoskins and S). Suppose that the previous hypotheses hold

and that the Born and inverse Born series converge. Let η̃ denote

the sum of the inverse Born series and η1 = K1φ. Setting M =

max {‖η‖X , ‖η̃‖X} , we further assume that

M <
1

µ


1−

√√√√ ν‖K1‖
1 + ν‖K1‖


 .

Then the approximation error can be estimated as follows:
∥∥∥∥∥∥
η −

N∑

m=1

Km(φ)

∥∥∥∥∥∥
X

≤M
(
‖η1‖X
r

)N+1
1

1−‖η1‖X
r

+
(

1− ν‖K1‖
(1−µM)2 + ν‖K1‖

)−1
‖(I −K1K1)η‖X ,

where M = 2µ√
16C2+1

.



Numerical reconstructions

Simulations were performed in 2D with k = 2π, 100 sources and 100

detectors, and in 3D with 1000 sources and 1000 detectors.



Two dimensionsNumerical experiments
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Three dimensions
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Slice 50

Projection
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Yellow line corresponds to the cross section plot.



References

J. Kraisler and J. Schotland, Collective spontaneous emission and kinetic

equations for one-photon light in random media, J. Math. Phys. (2022)

J. Kraisler and J. Schotland, Kinetic equations for two-photon light in

random media, J. Math. Phys. (2023)

J. Hoskins, J. Kaye, M. Rachh and J. Schotland, Analysis of single-

excitation states in quantum optics. (arXiv)

J. Hoskins, J. Kaye, M. Rachh and J. Schotland, A fast, high-order nu-

merical method for the simulation of single-excitation states in quantum

optics. J. Comp. Phys. (2023)

J. Hoskins, M. Rachh and J. Schotland, Quantum Electrodynamics of

Chiral and Antichiral Waveguide Arrays. Opt. Lett. (2023)



The End


