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Instructions:

1. This is a closed book exam. The use of any electronic devices is strictly prohibited.

2. Please work out the problems in the space provided and show your answers clearly
and legibly. You will be provided draft papers, which won’t be graded.

3. You may bring two US letter-sized sheets with notes written on both sides for refer-
ence. You may write anything you wish on these sheets; however, the use of any other
materials, including books, additional notes, or electronic devices, is not permitted.

4. Coverage: The following chapters will be tested in this exam:

Billingsley’s Probability and Measure

§1 Borel’s Normal Number Theorem
§2 Probability Measures

§3 Existence and Extension

§4 Denumerable probabilities

§5 Simple random variables

§6 The law of large numbers

§7 Gambling systems

§10 General measures

§11 Outer measures

§12 Measures in Eulidean space

§13 Measurable functions and mappings
§14 Distribution functions

§15 The Integral

§16 Properties of integral

§17 | The integral with respect to Lebesgue measure
§18 Product measure and Fubini theorem
§20 Random Variables and Distributions
§21 Expected Values

§22 Sums of Independent Random Variables
§25 Weak convergence

§26 Characteristic Functions

§27 The Central Limit Theorem




Mark: (out of 100)

Question 1 (15 points)  On the field By in (0, 1] define P(A) to be either 1 or 0
according as there does or does not exist some positive €4 (depending on A) such that
A contains the interval (1,1 + e4]. Show that P is finitely but not countably additive.

Problem 2.15 on p. 34. (Homework in 2022, not 2024)

Solution. Let By be the field of finite unions of pairwise-disjoint half-open intervals (a, b] C
(0,1]. According to the problem, P(A) is defined as follows:

P(A) = 1, if Jeq > 0 with (1/2, 1/2 + €4] C A,
o 0, otherwise.

(1) Finite additivity. It suffices to establish the property for two disjoint sets and then
proceed by induction. Let A, B € B, be two disjoint sets. Since both A and B are finite
unions of half-open intervals, and A U B is also a finite union of such intervals, there are
only two possible cases to consider:

Case I: For some € > 0, (1/2, 1/2+¢] C AU B. Since A and B are disjoint, there is some
e € (0, ¢] such that

either (1/2,1/24¢]C A or (1/2,1/2+4¢] C B.
Hence, either P(A) or P(B) is 1 and the other is 0. Therefore,
P(AUB) = 1 = P(A) + P(B).

Case II: For some € > 0, (1/2, 1/2+¢] ¢ AU B. In this case, P(AU B) = 0 because one
cannot find ¢ > 0 so that (1/2, 1/2+¢'] € AU B. On the other hand, neither A nor B
contains an interval to the right of 1/2. This implies that P(A) = P(B) = 0. Therefore,

P(AUB) =0=P(A) + P(B).
Combining both cases, we conclude that P is finitely additive on Bj.
(2) Not countably additive. For n > 1, define
A, = (1/2 +271 12 4277 € By,

These A,, are pairwise disjoint and

o0

A, =@/2.1]

n=1
Each A,, does not contain any interval of the form (1/2,1/2 + ¢], so P(A4,) = 0. But the
union (1/2, 1] does contain such an interval (e.g. (1/2,3/4]), hence

Therefore,
]P’(U An> =1£0=>) P(A,).
n=1 n=1
This shows that P is finitely but not countably additive on B. O



Ezxamples 3.1 and 3.2 on p. 44, which were discussed in class.




Examples /.11 and 4.15 on pp. 59-62, which were studied in details in class.

Example 5.4 on p. 71, which was discussed in class.

Proof of Theorem 16.14 on p. 217.




Theorem 27.2 on p. 359, which states the central limit theorem under the
Lindeberg condition. We have covered the proof of this theorem in detail in
class. Both the result and its proof are highlights of the course.



